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EinsteinArgument

mEinsteinArgument [x] [expr] will expand coordinate tensors with the label x, or any single index
tensor, when used as a single argument of functions.

mEinsteinArgument [x, f] [expr ] will expand only on function heads f.

EinsteinArgument and various features of Tensorial allow calculation with functional notations such as £ [xu[a] ] and various
expressions that are used in textbooks. However, it may often be easier to set tensor values and put the expressions in the tensor
values.

See also: EinsteinArray, EinsteinSum, ArrayExpansion.

Examples

In[1]:= Needs|["TensorCalculus4 Tensorial'"]

Save the settings and declare base indices and flavors.

In[2]: oldindices = CompleteBaseIndices;
oldflavors = IndexFlavors;
ClearIndexFlavor /@ oldflavors;
DeclareBaseIndices[{1l, 2, 3}]

DeclareIndexFlavor /@ {{red, Red}};

DefineTensorShortcuts[{{x}, 1}, {6, 2}]

DeclareBaselIndices[{1l, 2, 3}]

SetTensorValues[Sud[i, j], IdentityMatrix[NDim]]
SetTensorValues[dud[i, j] // ToFlavor[red], IdentityMatrix[NDim]]
labs = {x, 6, g, T'};

In[7]:

Define a function f of three coordinates. Leave another function g undefined.
Infi2]:= £[x_,y_, z_] :=xy+y*z

Following conventional usage we can write...
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In[13]:= Print["A function of coordinates"]
g[xu[rede@a]]
Print ["Expanded using EinsteinArgument"]
%% // EinsteinArgument[x]
Print["Changing g to the defined
function f automatically evaluates to the expression"]

%% /.

g-

£

A function of coordinates
out[14]= g[x?]
Expanded using EinsteinArgument
out[16]= g[x', %%, x°]
Changing g to the defined function f automatically evaluates to the expression

Out[18]= x! %% + (X2) x>

We can take partial derivatives of functions with coordinate arguments if we use the expanded form with respect to a
coordinate.

In[19]:= Print["A function of coordinates"]
glxufa]]
Print["Partial derivative with respect to a coordinate"]
PartialD[labs] [%%, xu[b]]
Print ["Expanding the arguments causes evaluation"]
%% // EinsteinArgument[x]
Print["Substituting the defined function and expanding the array"]
%% /.g-»f
% // EinsteinArray]|]

A function of coordinates
out [20]= g[x%]

Partial derivative with respect to a coordinate

og[x?]
Out[22]= ————
oxP
Expanding the arguments causes evaluation
ox3 ox? oxt
_ (0,0,1) 1 2 3 (0,1,0) 1 2 3 (1,0,0) 1 2 3
Out[24]= @qu [XIXIX}-"@qu [XIXIX}-"Oqu [x7, 2%, x7]
Substituting the defined function and expanding the array
oxt ox? 2 0x3
2 1 2,3 2
Out [26]= xX° —— + (X" +2x° X + (x
oxP ( ) oxP (=) O xP

out[27]= {x2, x! ¢ 2 x2 x3, (x2)2}

To use other derivative constructions it will be necessary to use a nested Tensor to control evaluation.
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In[28]:= Print["Total derivative of a function of the coordinates"]
TotalD[Tensor@g[xu[a]], t]
Print ["Expand the arguments and the total derivative in terms of coordinates"]
%% // EinsteinArgument[x];
% // ExpandTotalD[labs, b]
Print["Do an Einstein sum and substitute the defined function f for g"]
%% // EinsteinSum][]
$/.g->f£f
Print ["Unnest the tensor for final evaluation"]
%% // UnnestTensor

Total derivative of a function of the coordinates

dg(x?]
Out[29]= ——F——
ut[29] dc
Expand the arguments and the total derivative in terms of coordinates
dxP oglx!, x?, %3]
Out [32]=
ut[32] dc 5b
Do an Einstein sum and substitute the defined function f for g
out [34]= dx! og[x!, x?, %3] . dx? oglx!, x?, %3] . dx3 og[x!, x?, x3]
dt oxt dt ox? dt ox3
out [35] dx! ox!x?+ (X2)2 x3 . dx? ox!x®+ ()(2)2 x3 dx® ox!x?+ ()(2)2 x3
u =
dt ox! dt ox? dt ox3
Unnest the tensor for final evaluation
dx* dx? 2 dx3
out [37]= x? + (x'+2 %% %3 + (%2
uels7d ac * ¢ ) 3t TS

For a coordinate transformation let black coordinates be Cartesian coordinates and let the red coordinates be spherical
coordinates. Define rules for the coordinate functions.

In[38] := coordinatefunctions =
Thread[ToArrayValues|[] [xu[i]] » {Function[{r, 6, ¢}, rSin[6] Cos[¢]],
Function[{r, 6, ¢}, rSin[6] Sin[¢]], Function[{r, 6, ¢}, rCos[6]]}]

out[38]= {x' - Function[{r, 6, ¢}, r Sin[6] Cos[$]],
x? > Function[{r, 6, ¢}, rSin[6] Sin[¢]], x° - Function[{r, 6, ¢}, r Cos[6]]}
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In[39] :=

Out [40]=

Out[42]=

Out[43]=

Out [45]=

Out[46]=

Print[
"Cartesian coordinates (black) as functions of spherical coordinates (red}"]
xu[a] [xu[red@b]]
Print ["Expand the arguments and expand to an array"]
%% // EinsteinArgument[x]
% // EinsteinArray|[]
Print["Substitute the coordinate functions and use coordinate symbols"]
%% /. coordinatefunctions
% // UseCoordinates[{r, 6, ¢}, x, red]

Cartesian coordinates (black) as functions of spherical coordinates (red}

Expand the arguments and expand to an array
x%[x%, x?, x°]
{Xl[Xl, x?, Xg}, XZ[X;, x?, XE], X3[Xl, x?, Xg}}

Substitute the coordinate functions and use coordinate symbols
{Cos[x°] Sin[x?] x*, Sin[x’] Sin[x’] x', Cos[x?] x'}

{r Cos[¢] Sin[B], r Sin[6] Sin[¢], r Cos[O]}

The following calculates the Jacobian matrix of the transformation equations.
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In[47]:=

Out [48]=

Out [49]=

Print["Take the partial derivatives of the coordinate functions"]

xula] [xu[red@c]]

PartialD[labs] [%, xu[red@b]]

Print["Expand to an array and expand the arguments"]

%% // ToArrayValues[] // MatrixForm

% // EinsteinArgument[x] // MatrixForm

Print["Substitute the coordinate functions and use coordinate symbols"]

%% /. coordinatefunctions // MatrixForm
% // UseCoordinates[{r, 6, ¢}, x, red] // MatrixForm

Take the partial derivatives of the coordinate functions
x% [x°]

O0x?[x°]
oxP

Expand to an array and expand the arguments

out [51]//MatrixForm=

ox’ [x°] ox’ [x°] ox’ [x°]
Ox! 8x” ox”

Ox? [x°] Ox? [x°] Ox? [x°]
ax*t Ox* ax>

%3 [x°] %3 [x°] %3 [x°]
Ox*t Ox* ax>

Out [52]//MatrixForm=

1,0,0 3 0,1,0 3 0,0,1 1
Xl( 0, )[X‘, XZ, %] Xl( Y )[Xl, XZ, x7] Xl( ;1 0, )[X‘, XZ, XB}
1,0,0 0,1,0 0,0,1 1 2
2(1,0 )[x*,xz,xg] x2(0r1s )[xl,xz,x3] x2 (00 )[X’, x?, x°]
1,0,0 0,1,0 0,0,1 1 5
3(1,0, )[X’/ X2, xg] X3( ’ )[Xl, le xg] X3( ’ )[X’, %2, X?]

Substitute the coordinate functions and use coordinate symbols

Out [54]//MatrixForm=

Cos[x’] Sin[x?] Cos[x?] Cos[x’] x! -Sin[x”] Sin[x’] x'

x“]
Sin[x?] Sin[x’] Cos[x?] Sin[x’] x' Cos[x’] Sin[x?] x!
[ 2 1

Cos[x?] -Sin[x“] x 0
Out [55]//MatrixForm=
Cos[¢] Sin[6] «r Cos[O] Cos[¢] -r Sin[6] Sin[¢]

]
Sin[6] Sin[¢] «r Cos[6O] Sin[¢p] =r Cos[¢] Sin[6O]
Cos[6] -r Sin[O] 0

However, it is easier to perform the calculation by setting tensor values.
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In[56]:

Out [58]=

SetTensorValueRules[xu[a], {r Sin[6] Cos[¢], rSin[6] Sin[¢], r Cos[6O] }]
SetTensorValueRules[xu[red@a], {r, 6, ¢}]

PartialD[labs] [xu[a], xu[red@b]]

% // EinsteinArray[] // MatrixForm

% // ToArrayValues|[] // MatrixForm

ClearTensorValues[{xu[a], xu[red@a]}]

ox

a Xb

a

Oout [59]//MatrixForm=

oxt
ox!
Ox?
ox!

x>
ox’

oxt
ox”’
Ox?
ox”’

ox3
ox”

ox’
ox’
%
ox’

x>
3

Ox”

out [60]//MatrixForm=

Cos[¢] Sin[6] zr Cos]|
Sin[6] Sin[¢] 1r Cos]|

Cos[©O]

] Cos[¢p] -rSin[6] Sin[¢]
1 Sin[¢] r Cos[¢] Sin[O]
o] 0

S}
S}

-r Sin|

Restore the initial values...

In[62]:

In[64]:

ClearTensorValues[{éud[i, j], Sdud[i, j] // ToFlavor[red]}]
ClearTensorShortcuts[ {{x}, 1}, {6, 2}]

DeclareBaseIndices @@ oldindices

ClearIndexFlavor /@ IndexFlavors;

DeclareIndexFlavor /@ oldflavors;
Clear[oldindices, oldflavors, coordinatefunctions]
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EinsteinArray

mEinsteinArray [base: Automatic] [expr ] will form an array on the free indices in the expression.

The expansion will be done in the natural sort order of the raw free indices with the first sorted index at the highest level.

If special sets of base indices have been associated with certain flavors of indices using DeclareBaseIndices, then those sets
will be used with the corresponding flavors.

The optional argument base gives the base indices over which each index is expanded. The default value is Aut omat ic and then
each index is expanded over the complete set of base indices for the corresponding flavor. If a list of subsets of selected base
indices is given then each index is expanded over the corresponding selected subset taken in corresponding order. If a single list of
selected base indices is supplied, then it will apply only to the first index.

Flavored indices as well as plain indices are automatically expanded.

See also: DeclareBaseIndices, SumExpansion, EinsteinSum, ArrayExpansion, ToArrayValues.

Examples

In[1]:= Needs|["TensorCalculus4 Tensorial'"]

Save the settings and declare base indices and flavors.

In[2]: oldindices = CompleteBaseIndices;
oldflavors = IndexFlavors;
ClearIndexFlavor /@ oldflavors;
DeclareBaseIndices[{1l, 2, 3}]

DeclarelIndexFlavor /@ {{red, Red}, {rocket, SuperDagger}};

In[7]:

DefineTensorShortcuts[{{x, y}, 1}, {S, 2}]
The following expands vectors into their components...

In[8]:= =xu[i]
% // EinsteinArray]|]

out [8]= x*
Out[9]= {Xl, XZ, X3}

In[10]:= xul[i] +yu[i]
% // EinsteinArray|[]

out[10]= x*+y?t
Oout[11]= {X1+y1, X2+y2, X3+y3}

An expansion can be done over a subset of the base indices.
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In[12]:

Out[12]=

Out[13]=

xuli] +yu[i]
% // EinsteinArray[{1l, 3}]

X' +y

{(x'+yh, x4y}

i

If the free indices do not match in all terms, an error message is issued and the operation is aborted.

In[14]:=

Out[14]=

Out[15]=

xu[i] +yu[j]

% // EinsteinArray|[]

X' +y

3

FreeIndices: :notmatched :

The free indices are not the same

in all terms of the expression or some terms have bad indices.

SAborted

The following expands a second order tensor into an array.

In[16]:=

Out[l6]=

Suu[i, j] // ToFlavor[red]
% // EinsteinArray[] // MatrixForm

st

out[17]//MatrixForm=

Sl;
52;
SBL

S;Z
822
832

513
523
533

The expansion occurs on the sort order of the indices. To obtain other expansion orders use ArrayExpansion or
change the indices in the expression. Changing the sort order of the indices...

In[18]:=

Out[18]=

Suu[j, i] // ToFlavor[red]
% // EinsteinArray[] // MatrixForm

sl

Out [19]//MatrixForm=

Sl;
512
Slf%

SZl
SZZ
823

53;
532
533

The free indices are always sorted before being passed to ArrayExpansion, which arranges the levels in order of the
indices it receives.

Using ArrayExpansion we could keep the same matrix but switch the order of the indices in the expansion...

In[20] :=

Out[20]=

Suu[i, j] // ToFlavor[red]
% // ArrayExpansion[red /@ {j, i}] // MatrixForm

st

Out [21]//MatrixForm=

Sl;
SlZ
513

SZl
SZZ
g23

SE;
532
533
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The following is expanded on a subset of the first sort order index.

In[22]:= Suu[i, j] // ToFlavor[red]
% // EinsteinArray[{1, 2}] // MatrixForm

out[22]= s>

out [23]//MatrixForm=
Sl; S;Z 513
S2 1 822 523

The following is expanded on the same subset of rows and columns.

In[24]:= Suu[i, j] // ToFlavor[red]
% // EinsteinArray[Table[{1l, 2}, {2}]] // MatrixForm

out[24]= 87
out [25]//MatrixForm=
Sl 1 S; 2
( 52 1 SZ 2 J
By specifying a list of base index subsets for each index we can obtain a rectangular expansion.

In[26]:= Suu[i, j] // ToFlavor[red]
% // EinsteinArray[{{1, 2}, {1, 2, 3}}] // MatrixForm

st

out [26]

out [27]//MatrixForm=
gll gl2 gl3
g21 g22 g23

The following selects two columns instead of two rows.

In[28]:= Suu[i, j] // ToFlavor[red]
% // EinsteinArray[{{1, 2, 3}, {1, 2}}] // MatrixForm

out[28]= st

out [29]//MatrixForm=

Sl; SLZ
S2; SZ2
SE; S32

To obtain the transpose we would switch the indices in the tensor and also switch the order of the base index sets.
Remember that the free indices are sorted before being passed to ArrayExpansion so {1, 2} goes with i and
{1, 2, 3} goes with j.

In[30]:= Suu[j, i] // ToFlavor[red]
% // EinsteinArray[{{1, 2}, {1, 2, 3}}] // MatrixForm
out[30]= s’*

out [31]//MatrixForm=
Sl; SZl SJ;
SlZ 822 532
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The following expands a set of equations (or inequalities).

In[32]:= yul[i] > Sud[i, j] xu[j] // ToFlavor[rocket]
% // EinsteinSum][]
% // EinsteinArray|[] // TableForm

out[32]= y* >S5S

it (t i it i it +
out[33]= y' >st i x! +8t ;x* +st 7

Out [34]//TableForm=
T t T t T t t
y1 > st 1t x1 + st ot x? 4+t 3t %3

1 t t 1 1 t t
y2 > g2 l,xl + 82 2,x2 + 82 3,x3

T T t 1 1 T T
y3 > g3 l,xl + g3 o x?' + g3 St x3

If we have declared special base indices for some flavors of indices, then they are expanded on the corresponding bases.

In[35]:

In[36]:= Suu[i, red@j]
% // EinsteinArray[] // MatrixForm

out[36]= S’

out [37]//MatrixForm=

SlA SlE
SZA SZB
S3A SBE

DeclareBaseIndices[{1l, 2, 3}, {red, {A, B}}]

We can still use selected subsets for each index but, of course, they must be from the corresponding base sets.

In[38]:= Suu[i, red@j]

% // EinsteinArray[{{1, 2}, {B}}] // MatrixForm

out[38]= s’
Out [39]//MatrixForm=

Sl B
Restore the initial values...

In[40]:= ClearTensorShortcuts[{{x, y}, 1}, {S, 2}]

In[41]: DeclareBaseIndices @@ oldindices
ClearIndexFlavor /@ IndexFlavors;
DeclareIndexFlavor /@ oldflavors;

Clear[oldindices, oldflavors]
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EinsteinSum
m EinsteinSum[base: Automatic] [expr ] will perform an Einstein summation on all pairs of matching

up/down index pairs. The range of the sum is over the base list, which has the default value of Baselndices.

The expansion will be done on individual terms, terms in sums, on both sides of an equation, and within arrays.

If special sets of base indices have been associated with certain flavors of indices using DeclareBaseIndices, then those sets
will be used with the corresponding flavors.

The optional argument base gives the base indices over which each index is summed. The default value is Aut omat ic and then
each index is summed over the complete set of base indices for the corresponding index flavor. If a list of subsets of selected base
indices is given then each index is summed over the corresponding selected subset taken in corresponding order. If a single list of
selected base indices is supplied, then it will apply only to the first index.

See also: DeclareBaseIndices, ArrayExpansion, SumExpansion, EinsteinArray, ToArrayValues.

Examples

In[1]:= Needs|["TensorCalculus4 Tensorial'"]
Save the settings and declare base indices and flavors.

In[2]: oldindices = CompleteBaseIndices;

oldflavors = IndexFlavors;

ClearIndexFlavor /@ oldflavors;

DeclareBaseIndices[{1l, 2, 3}]

DeclarelIndexFlavor /@ {{red, Red}, {rocket, SuperDagger}};

In[7]:= DefineTensorShortcuts[{{x, y}, 1}, {{S, T}, 2}]

EinsteinSum automatically extracts the summation indices.

In[8]:= =xu[i] yd[i]
% // EinsteinSum[]

Out [8]= x1 Vi
out(9]= x'y; +x%y,; +x°y;
EinsteinSum will not sum improper expressions.

In[10]:= xul[i] yu[i]
% // EinsteinSum[]

Out [10] x1 yi
out[11]= x*y?t

EinsteinSum automatically handles flavored indices.
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In[12]:= xu[i] yd[i] // ToFlavor[red]
% // EinsteinSum][]

out[12]= x'y;

out [13]= x! Y1 +x? Yo + x° V3

Nonmatching flavors do not sum.

In[14]:= xu[i] yd[red@i]
% // EinsteinSum[]
out[14]= xty.

out[15]= x*y,
A partial summation can be done over a subset of the base indices. The base subset is never flavored.

In[16]:= xu[i] yd[i] // ToFlavor[red]
% // EinsteinSum[ {1, 3}]

Out[16]= x* Vi

out[17]= x'y; +x° y,
An error occurs if the base specification is not a subset of the base indices for the index.

In[18]:= xu[i] yd[i] // ToFlavor[red]
% // EinsteinSum[ {1, 4}]

out[18]= xty.
SumArrayExpansion: :subset : {1, 4} is not a subset of the base indices {1, 2, 3}

out [19]= $Aborted

It operates on sums on both sides of an equation...

In[20]:= xu[i] xd[i] +Sud[i, J] xu[]] # yul[i] yd[i] + Tud[i, j] yu[]]
% // EinsteinSum][]

Oout[20]= Sij %3+ xt X5 ;ﬁTij yj +yi 'a
Out [21]= Si1X1+Si2 X2+Si3 %3+ x! X1+X2 X2+X3 X3 #Tily1+TiZ y2+T13 v +yt y1+y2 y2+y3 V3

It will operate on equations and expressions within arrays.

Inf22]:= {xu[i] xd[i] + Sud[i, j] xu[]j] == yu[i] yd[i] + Tud[i, J] yul]],
Sud[i, i] // ToFlavor[red]}
% // EinsteinSum[]

Out [22]= {Sij x) + xt X = Tij yj +yi Vir Si;}

Out [23]= {Silxl+Si2X2+Si3x3+X1X1+X2X2+X3X3 =

Ti1y1+Ti2y2+Ti3y3+yly1+y2y2+y3y3, S;1+822+S‘33}

It sums on dot product expressions and CircleTimes expressions.
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In[24]:= xu[i].yd[i] // ToFlavor[red]
% // EinsteinSum][]

out[24]= x'.y;

Out [25]= Xl.y; +X2.y2 +X3.y3

In[26]:= xul[i] ®yd[i] // ToFlavor[red]
% // EinsteinSum[]

out[26]= x'®y,
out [27]= x! ®y, + x? Ry, + x° ® Y3
If we have declared special base indices for some flavors of indices, then they are expanded on the corresponding bases.
In[28] := DeclareBaseIndices[{1l, 2, 3}, {red, {A, B}}]
Now, in the previous example, the two expressions are summed on different base index sets.
In[29]:= {xu[i] xd[i] + Sud[i, j] xu[j] == yu[i] yd[i] + Tud[i, §] yu[3],
Sud[i, i] // ToFlavor[red]}

% // EinsteinSum][]

out [29]= {sij X rxtxg =Ty +ytyg, st}

out[30]= {S*; xt +8t, %2 +5t, %P+ xtxy +x%x, + x5 %y =

Ti1y1+Ti2y2+Ti3y3+Y1Y1+y2 Y2+YBY3I SAAJrSEB}

In[31]:= Suu[a, red@b] Tdd[a, red@b]
% // EinsteinSum][]

out [31]= S2P T,
out[32]= SYA T, + S8BT +822T,, +S25 T, +S%2T,, +5°5T,,
We can still use selected subsets for each index but, of course, they must be from the corresponding base sets.

In[33]:= Suu[a, red@b] Tdd[a, red@b]
% // EinsteinSum[{{1, 2}, {B}}]

out[33]= S%° T,
out[34]= S'PT,,+S%5T,,
Restore the initial values...

In[35]:= ClearTensorShortcuts[{{x, y}, 1}, {{S, T}, 2}]

In[36]: DeclareBaseIndices @@ oldindices
ClearIndexFlavor /@ IndexFlavors;
DeclareIndexFlavor /@ oldflavors;

Clear[oldindices, oldflavors]
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EvaluateDotProducts
m EvaluateDotProducts[e, g, metricsimplify : True] [expr] expands Dot products of

vectors expressed in a given basis e using the metric tensor g. Metric simplification is performed if the default
argument metricsimplification is True.

Whether metric simplification is wanted depends upon whether values have been calculated for the metric tensor, or whether they
have been calculated for the resulting tensors.

See also: Dot, LinearBreakout, BasisDotProductRules.

Examples

In[1]:= Needs["TensorCalculus4 Tensorial "]
Save the settings and declare the base indices and flavors.

In[2]:= oldindices = CompleteBaselIndices;
oldflavors = IndexFlavors;
ClearIndexFlavor /@ oldflavors;
DeclareBaseIndices[{1l, 2, 3}]
DeclareIndexFlavor[{red, Red}]

Define tensor shortcuts.
In[7]:= DefineTensorShortcuts[{{e, x, v}, 1}, {g, 2}]
Dot products not involving e basis vectors are left unchanged.

In[8]:= u.v
% // EvaluateDotProducts[e, g]

Out[8]= u.v
Out[9]= u.v
Or they are partially simplified.

In[10]:= u.v /. {u-»>xu[i] ed[i]}
% // EvaluateDotProducts[e, g]

out[10]= (e; x').v
out[11]= e;.vx?
If both arguments of the Dot function contain the e basis vectors, then it is fully evaluated.

In[i12]:= u.v /. {u->xul[i] ed[i], v->yu[]] ed[]j]}
% // EvaluateDotProducts[e, g]

out[12]= (ey xHy . (ej yj)

out[13]= x5y’
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Sometimes you may not want metric simplification. Then set the 3rd optional argument to False. For example, suppose
you have calculated and stored values for gdd[i, j] and xu[i] but not xd[i]. Then you might prefer the
following form.

In[14]:= u.v /. {u->xu[i] ed[i], v->yu[j] ed[]]}
% // EvaluateDotProducts[e, g, False]

out(14]= (e; x*).(e5y?)

out[15]= gy x'y’

EvaluateDotProducts works on all dot products in an expression.

In[16]:= ed[i].ed[]j] // ToFlavor[red]
% // EinsteinArray[] // MatrixForm
% // EvaluateDotProducts[e, g] // MatrixForm

Out[16]= e;.ey

Out[17]//MatrixForm=
e .e; e;.e, e .e;
e,.e; e,.e, e,.e;

e;.e, ej.e, ej.e;
Out [18]//MatrixForm=
911 Y12 Y13
921 922 923
931 932 933
Restore the old values...

In[19]:= ClearTensorShortcuts[{{e, x, vy}, 1}, {g, 2}]

In[20] := DeclareBaselIndices@@ oldindices

ClearIndexFlavor /@ IndexFlavors;
DeclareIndexFlavor /@oldflavors;
Clear[oldindices, oldflavors]
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EvaluateSlots

mEvaluateSlots|e g] [expr] will evaluate all tensor products, involving CircleTimes, on lists of argument
slots, which may contain Nulls. e is the label for the basis vectors and g is the label for the metric tensor.

The tensor product and slots will generally contain indicial expressions involving the basis vectors e.

It is assumed that shortcuts have been defined for e and g.

The direct product and slots may contain indicial expressions involving the basis vectors. EvaluateSlots expands and simplifies.

See also: CircleEvalRule, LinearBreakout, BasisDotProductRules, PushOnto.

Examples

In[1]:= Needs|["TensorCalculus4 Tensorial'"]
DefineTensorShortcuts[{{u, v, x, y, e}, 1}, {{T, g}, 2}]

The following evaluates a second order tensor on its two slots.

In[3]:= T[x, y]
%$/. {T>Tdd[m, n] eu[m] ®eu[n], x-» xu[i] ed[i], y»>yul[j] ed[]j]}
% // EvaluateSlots[e, g]

out[3]= T[x, vy]

out[4]= (e"®e" Tmn)[ei xt, e yj]
out[5]= T;;x'y
If only one slot is filled we obtain a vector.

In[6]:= T[, yl
%$/. {T>Tdd[m, n] eu[m] ®euln], y->yu[j]l ed[]]}
% // EvaluateSlots[e, g]
% // EinsteinSum[] // Collect[#, eu[_]] &

Out[6]= T[Null, y]
out[7]= (e"®e" T, ,) [Null, e yj]
out[8]= €" T,y

2 3 2 2 3 3 2 3
out[9]= &' (Ty; vy + Ty, v  +Tyi3y°) +e® (To v + T v? +Tosy’) +€ (T vy + T3, v + T35 y°)

You can use it on expressions like the following although CircleEvalRule would work as well. In this case the
arguments of EvaluateSlots are not actually used.

In[10]:= (u®v) [x, y]
% // EvaluateSlots[e, g]

Out[10]= (u®v) [x, y]

Out[11]= U.XV.Y
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In the following the direct product and slots are filled with vectors.
In[12]:= (u®v) [x, y]
%$/. {u»>uu[m] ed[m], v->vu[n] ed[n], x-» xul[i] ed[i], y»>yu[]] ed[]j]}

% // EvaluateSlots[e, g]
% // EinsteinSum[] // Factor

out[12]= (u®vVv) [x, V]

out[13]= ((e,u™) ® (e, v")) [e; x*, ey |

out[14]= u; vy x'y’

Out[15]= (u1X1+u2 X2+U3 X3) (v y1+v2 y2+v3 y3)

In[16]:= ClearTensorShortcuts[{{u, v, x, y, e}, 1}, {{T, g}, 2}]
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ExpandAbsoluteD

m ExpandAbsoluteD [{x, d, g, [}, {a, b}, permissive : False] [ expr] will expand a first order absolute
derivative of tensors using coordinates x, Kronecker ¢, metric tensor g and Christoffel symbol I'. The
expansion will be done using the dummy indices a and b.

m ExpandAbsoluteD [{x, d, g, [}, {{a, b}, {c, d}, ...}, permissive : False] [ expr] will expand higher order
absolute derivatives.

For flavored expressions the flavor must also be on the dummy indices.

{x, &, g, I'} are the standard set of tensor labels used in all derivative routines. They tell the routines which labels will be
considered to represent the coordinate, Kronecker, metric and Christoffel objects. It will often be convenient to define these labels
for a notebook and assign them to a short variable, which can then be used in the derivative routines.

A pair of dummy indices is needed for each order of differentiation.
ExpandAbsoluteD is mapped over arrays, equations and sums.

Expressions that contain base indices, Christoffel symbols or partial derivatives will not be expanded.

Expressions that contain Christoffel symbols (from the I' symbol in the list of tensor symbols) or total derivatives will not be
expanded unless the optional parameter, permissive, is set to True. Its default value is False.

Because different dummy indices will be needed in products it is not possible to automatically expand all absolute derivatives in an
expression. Sometimes you may have to expand an expression, or you may wish to map to specific parts of expressions.

See also: AbsoluteD, CovariantD, PartialD, TotalD, SetDerivativeSymbols.

Examples

In[1]:= Needs["TensorCalculus4 Tensorial'"]
Save the settings.

In[2]:= oldindices = CompleteBaselIndices;
oldflavors = IndexFlavors;
ClearIndexFlavor /@ oldflavors;
DeclareIndexFlavor[{red, Red}]

Define the tensor shortcuts and standard tensor labels.

In[6]:= DefineTensorShortcuts[{{x, v, S, T}, 1}, {{g, 6, S, T}, 2}, {T', 3}]
labs = {x, 6, g, T'};
TensorSymmetry[T, 3] = Symmetric[2, 3];

Here the absolute derivative of a tensor is first generated in representational form and then expanded. Two dummy
indices are needed for each order of differentiation.
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In[9]:= Su[i]
AbsoluteD[%, t]
% // ExpandAbsoluteD[labs, {a, b}]

out[9]= St
out[10] D st
u -
dt
out[11] - +srt dx”
u -
ab d]t

For flavored expressions, the intended flavor should also be on the dummy indices.

In[12]:= Su[i] // ToFlavor[red]
AbsoluteD[%, t]
% // ExpandAbsoluteD[labs, red /@ {a, b}]

out[12]= St

Out [13] DS
u - Z2

dt

dst a i dxP
Out[14]= —p— + S Ty

ExpandAbsoluteD maps over arrays, equations and sums...

In[15]:= AbsoluteD[#, t] & /@ {aSu[i] - Tu[i], bSu[j] - Tu[]j]} = {0, 0} // Thread;
MapThread[#2 @@ #1 &, {%, {Equal, GreaterEqual}}]
% // ExpandAbsoluteD[labs, {a, B}]

Dst DTY pDs?  DTI
out[16]= {a S =0, b —— - —— 20}
dt dt dt dt
. 5 _ 5
_ art .. dx dst . ; dx
out[17]= {- 5o T Tas go e | g v T as g | = O
dT’ dx” ds? . dxP
. _Tor) b g I 0
dt o8 ge P | ac * B gt }

A correction term is added for each index in the tensor.

In[18]:= Sud[i, j] // ToFlavor[red]
AbsoluteD[%, t]
% // ExpandAbsoluteD[labs, red /@ {a, b}]

out[18]= S|

1o DS,
out = J
ut[19] gt

ij : - dxP I dxP
out [20] = -St_ T, . +S°. T -
ut[20] dt a7 PRI gt IToab g

The best way to calculate acceleration is to do it in two steps.
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In[21]:=

Out[21]=

Out[22]=

Out[23]=

To expand a higher order absolute derivative, a pair of dummy indices must be given for each order of derivative.

In[24] :=

Out[24]=

Out[25]=

Out [26]=

Out[27]=

In[28] :=

Out[28]=

Out [29]=

Out [30]=

Out[31]=

AbsoluteD[

vul[i], t]

% // ExpandAbsoluteD[labs, {a, b}]
% /.vu[i_] » TotalD[xu[i], u]

D vt

dt

v +ve T dax

dt ab dt

ri dx® dxP . de x*
@b dqu dt  dudt

Su[i] // ToFlavor[red]

AbsoluteD[%, {t, t}]

% // ExpandAbsoluteD[labs, Map[red, {{a, b}, {c, d}}, {2}]]
% // SimplifyTensorSum

Si

Dp? st

dtdt

dzst Lo ds dx® = S dxP ) dx¢ - d? x> . dx®
dtdt b dt  dt cd | dt 2Pt dt P dt dt dt
dz st Lopi  ds? dx® a i d? x® P —— dxP dx° JodxP odrt_,
dtdt b Tdt  dt P dt dt ab® de gt dt dt dt

Su[i] + Tu[i] // ToFlavor|[red]

AbsoluteD[%, {t, t}]

% // ExpandAbsoluteD[labs, Map[red, {{a, b}, {c, d}}, {2}]1]
% // TensorSimplify // FullSimplify

st 4+ Tt
p? st N D2 Tt
dtdt dtdt
d#st o d?Tt . dst dx? ;0 dTf dxP
dtdt = dtdt b qdt  dt =P dt dt
- ds® .. dx") dxt dre e dx®) dx?
cd | dt @b qt dt cd | dt aPqt dt
sa i de x® . dx® drt_, P d? x® s dx> dart_,
2P dt dt dt dt 2P dt dt dt dt
st ATt 2(d155+d1T5) dlxb+(sa+Ta) d2 x?
dtdt dtdt ab dt dt dt dt dt
o dxP dx? drt .
a T2 Tc, I‘l ) ab
(S + ) dlt ( ab cd dlt + dlt )

The same must be done for products of absolute derivatives
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In[32]:= AbsoluteD[Su[i], t] AbsoluteD[Tu[]j], t]
% // ExpandAbsoluteD[labs, {{a, b}, {c, d}}]

psi DT
Out [32]=

dt dt

dst . dxP dar’ dxd
Out [33]= +830t , —/—— + T’
uel33] dc ab dlt) dc cd “gt

This doesn't match because there is a wrong number of indices.

In[34]:= AbsoluteD[Su[i], t] AbsoluteD[Tu[]j], t] ==
% // ExpandAbsoluteD[labs, {a, b}]

Dsi DT

Out [34]= ==
dt dt
psi DT’

Out [35]= =0
dt dt

The following matches only one of the terms.

In[36]:= AbsoluteD[Suu[i, j], t] + AbsoluteD[Su[i], t] AbsoluteD[Tu[]j], t] =0
% // ExpandAbsoluteD[labs, {a, b}]

pstd psi DT?

out [36]= =0
ut[36] dt  dt dt
D Si D Tj dlsij aj i d]Xb i 1 d]Xb
out [37]= st —— 4+step) L ——_ =90
ut[37] dt dt  dc S T ab gt

In[38]:= AbsoluteD[Su[i] + Tu[i], t] AbsoluteD[Su[j] - Tu[]j], t]
% // ExpandAbsoluteD[labs, {{a, b}, {c, d}}]

D st D Tt D g’ DT’
Out [38]= + -
( dt = dt ) dt dt
ds’ . dx® ) (4Tt dxd dst . dxP) [ds’ . axd
Oout [39]= serl. , — T° It sart se -
e 39 (dlt+ ab gt (dlt Cddlt) (dlt abdlt) dc cd “gt
st .ps  dx dT’ speps  dxd) oqart . dxb) (4T 5 dxd
dt ab gt dt cd qt dt ab q¢t dt cd qt

Here is the second derivative of a tensor product.

©1988-2005 Wolfram Research, Inc. All rights reserved.



Printed from the Mathematica Help Browser 5

In[40]:= Sd[i] Tul[j]
AbsoluteD[%, {t, t}]
% // ExpandAbsoluteD[labs, {{a, b}, {c, d}}];
% // TensorSimplify // Simplify

out[40]= S, T’
pDs, DT}  D2T’ 02s. .
out[41]= 2 L + i+ i)
dt dt dtdt dtdt
dz 1’ . dTrz dxP dr’ dxP : dz xP
out[43]= S, ——— +25. I — -2s.T% . — +8. T2 1 - -
utl431= 5 gt 117ab 9 dt at biTgp gp Ui ab Jt dt
. dxP dxd . dxP dxd ds, (dr’ dxd
25, T°T%,; T eq T T I Dea dt  dt dltl dt T°Tcq dt
5 ( d?s; a2 s ds, dx” ‘s dz xb dx® ra. rc. . dx¢ _drey
dt dt bi dt dt @ dt dt 2 dt be® di "q¢ dt
S, T2 dx” lejab
* dt dt

Calculation of velocity and acceleration tensors in spherical coordinates: p is the distance from the origin to a point, 6 is
the angle from the North pole, and ¢ is the rotation about the z axis.

1) Enter the metric matrix for spherical coordinates in symbolic coordinate form.
2) Convert to coordinate positions with label x (the default).
3) Set the metric tensor values. The inverse is also calculated and set.
4) Calculate and set the Christoffel symbols using the label T to represent Christoffel symbols.
In[44]:= cmetric = DiagonalMatrix[{1, 0%, p? sin[e] 2 31,
(metric = cmetric // CoordinatesToTensors[{p, 6, ¢}]) // MatrixForm
MapThread[SetTensorValues[#1, #2] &,
{{gdd[a, b], guu[a, b]}, {metric, Inverse@metric}}];

MapThread[SetTensorValues[#1, #2] &,
{{rddd[a, b, c], T'udd[a, b, ]}, CalculateChristoffels[labs]}];

out [45]//MatrixForm=

1 0 0
0 (xH)? o0
0 0 sin[x%]” (x1)°

The velocity is the derivative of the coordinate positions.

In[48]:= TotalD[xu[i], t]

dxt

out [48]=
ut [48] dc

We set tensor values for the velocity and we set coordinate position rules for an object rotating around equatorial plane
at a radius of R and an angular velocity w.

In[49] := SetTensorValues[vu[i], TotalD[xu[i], t] // ToArrayValues[]]
SetTensorValueRules[xu[i], {R, n/2, wt}]

Now it is trivial to calculate the acceleration by taking the absolute derivative of the velocity.

1) Take the absolute derivative of the velocity.
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2) Expand it in terms of Christoffel symbols and total derivatives.
3) Expand to the components in terms of the coordinate vectors.

4) Substitute coordinate values.

In[51]:= AbsoluteD[vu[m], t]
% // ExpandAbsoluteD[labs, {u, v}]
(% // EinsteinSum[] // EinsteinArray[]) /. TensorValueRules[I']
% // UseCoordinates[{r, 6, ¢}]

D v"
out[51]= ——
dxY
out[52]= 3 +vI T at
d? x! 1 [ dx? : 5.2 4 (dx3 :
out [53]= -S ,
ut 53] {dltdlt X(dlt) m[x]x(dltJ
1 2 1 3
2 &k & d? x2 dx3 2 g dx dx dx? dx3 dz x3
dt dt 2 . 2 dt dt 2
-C S , 2 Cot
x! dt dt os[x7] ln[X}(dltJ x1 +2 Cot[x7] dt dt +d1td1t}
d?r do \? de¢\? . B
out [54]= { e (E) -r (E) Sin[6]?,
dc dt _c ( ) S , dt dt 2 Cot
= + g0 0s[6] I in[e], —%—9 +2Cot (6] IF a dltz}

Which is actually the result we can find in any vector calculus books. For the orbiting object we specified above, we can
just use ToArrayValues, which expands and substitutes all rules. We obtain a general form because Mathematica
does not know that w and R are constant.

In[55]:= AbsoluteD[vu[i], t]
% // ExpandAbsoluteD[labs, {u, v}]
% // ToArrayValues][]

Out [55]= D v
" T dt
out [56]= dv- soupi 9%
" T “Y Tdte
d?R dw \? do 28 (w+t ) d2w
out [57]= {W—R(w+tﬁ) 025 . re )

If we wish w and R to be regarded as constants...

In[58] := SetAttributes[{R, w}, Constant];
AbsoluteD[vu[m], t]
% // ExpandAbsoluteD[labs, {u, v}]
% // ToArrayValues]|]
ClearAll[R, w]

Out [59] D vT
u _
dt
dv™ dxY
out [60]= #om
uele0]= gtV v ¢

out[61]= {-Rw?, 0, 0}

Higher order derivatives are best done in one step.
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In[63] := AbsoluteD[Td[a], (s, t}]
stepl = % // ExpandAbsoluteD[labs, {{b, c}, {d, e}}]

Out [63]= &
“ T dsdt

d?T dTt, dx© dT dxc | dxe d? x¢ dxc drr
out [64]= a_ _ b b -rd d o 1P == | == _T |T® ca
utled]= gsac ca gt ds ca|gs P cdgs ) dr P °2dsdt ' ds dt

The following is the same calculation done in two steps. The second expansion must be permissive because the input
contains a Christoffel symbo and total derivativesl.

In[65] := AbsoluteD[Td[a], s]
% // ExpandAbsoluteD[labs, {b, c}]
AbsoluteD[%, t]
step2 = % // ExpandAbsoluteD[labs, {d, e}, True]

out[65]= DI,
¢ a ds
Out [66] dT, T, T® dx®
u - _
ds b* ca qs
dT dx¢
D —= DT dx° - D I® dx°
out[67]= ds _ b Tb _ ds b ca
utl67] dt dt ca ds bl dt ca dt ds
d?T dT, dx*® dx°© dT dx d® x© dxd dxe
out[68]= a_ _pd d 1P b _ T 1d - T, TP T, — -
utlesl= goac °a gs dt ca "gs |(dt 97 =P gt b calgsde - 9c ds dt
dx° dx® dx dxe dre
Tb ds deerdca dt 7Tbcd deaﬁfr‘bda dec dt Tca]
We can check that they are the same.
In[69]:= step2 - stepl
Nest [TensorSimplify, %, 2]
dT, dx°© dT, dx*® dT dx°© dxe
out[69]= TP b -rd d rd 4 T P, — -
utres) ca dt ds ca dgs dt '~ c2|ds ° °d7dgs | dt
dx°© dT dx® d? x© dx? dxe
Iee s ( ae ~Tales gt )‘TbI&ca (dsdt *Tae J5 at ]_
dx° dx® dx® dxe drr
LTS SR R s Tk
d? x¢ dxc drr
T Tb ca
b ( °2 dsdt = ds dt )

Oout[70]= O

The following expressions will not be expanded because the first contains a base index and the second contains a partial
derivative.
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In[71]:= Td[1]
AbsoluteD[%, t]
% // ExpandAbsoluteD[labs, {a, b}]

out[71]= T,

out[72]= at
ExpandAbsoluteD: :nottensor
DT,
dt
Tensorial cannot assess the tensor nature of the expression.

An absolute derivative , , cannot be expanded because

out [73]= S$Aborted

In[74] := PartialD[labs] [Td[a], xu[i]]
AbsoluteD[%, t]
% // ExpandAbsoluteD[labs, {c, d}]

out[747= Ta

u = n
ox*
D @T?

out [75]= ox
dt

ExpandAbsoluteD: :nottensor

oT,
ox*

dt
Tensorial cannot assess the tensor nature of the expression.

An absolute derivative , , cannot be expanded because

out [76]= S$Aborted

In[77] := ClearTensorValues|
{gdd[a, v], guu[a, b], vu[i], xu[i], Tudd[i, j, k], I'ddd[i, j, k]}];
ClearTensorShortcuts[{{x, v, S, T}, 1}, {{g, 6, S, T}, 2}, {T', 3}]
In[79] := DeclareBaseIndices@@ oldindices

ClearIndexFlavor /@ IndexFlavors;
DeclareIndexFlavor /@oldflavors;
Clear[oldindices, oldflavors, metric, stepl, step2]
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ExpandCovariantD

m ExpandCovariantD[{x, d, g [}, a, permissive . False] [expr] will expand first order covariant
derivatives of tensors using x as the label for the coordinate positions, ¢ as the label for the Kronecker, g as the
label for the metric tensor and I" as the lavel for Christoffel symbols. The introduced dummy index will be a.

m ExpandCovariantD[{x, d, g [}, {a b, ...}, permissive: False] [expr] expands higher order covariant
derivatives using the list of dummy indices.

ExpandCovariantD is mapped over arrays, equations and Plus.

ExpandCovariantD is intended to work only on tensor expressions. It will not expand expressions containing base indices or
unexpanded partial derivatives. It will not expand expressions containing expanded partial derivatives or Christoffel symbols (from
I" in the list of labels) unless the user sets the optional parameter permissive to True. This might be done if the expression contain
results from previous covariant derivatives.

The expansion is done for a 'coordinate basis' or holonomic system. in which case the Christoffel up symbols, with the first index
up, are the same as the 'connection coefficients'.

When working in a notebook with a constant set of labels one can put 1abs = {x, &, g, T'}and then use
ExpandCovariantD[labs, a] [expr] in the call, with similar usage for the other derivative routines.

See also: CovariantD, SetChristoffelValueRules, PartialD, AbsoluteD, TotalD, Tensor.

Examples

In[1]:= Needs["TensorCalculus4 Tensorial'"]
Save the old settings.

In[2]:= oldindices = CompleteBaselIndices;
oldflavors = IndexFlavors;
ClearIndexFlavor /@ oldflavors;
DeclareIndexFlavor[{red, Red}]

Define standard labels and shortcuts.

In[6]:= labs = {x, 6, g, T};
DefineTensorShortcuts[{{x, y, S, T}, 1}, {{g, 6, S, T}, 2}, {{T', A, zero}, 3}]
DeclareZeroTensor[zero]
TensorLabelFormat[zero, 0]

Here is a covariant derivative of a second order tensor and its expansion in terms of a partial derivatives and Christoffel
symbols using the dummy index a. There is a Christoffel correction term for each index.
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In[10]:

Out [10]

Out[11]=

Out[12]=

Tuuli, j]
CovariantD[%, k]
% // ExpandCovariantD[labs, a]

T
i
T

oI

aj i ia pJ
T 'y +T Tka+W

With flavored expressions the intended flavor must also be on the covariant dummy index.

In[13]:=

Out[13]=

Out[14]=

Out[15]=

Tud[i, j] // ToFlavor[red]
CovariantD[%, red@k]
% // ExpandCovariantD[labs, red@a]

oT |

-ttt L+ ThLTH, L+ — 2
a k3 Jj k a @Xk

A dummy index name must be supplied for each covariant differentiation.

In[16]:=

Out[l6]=

Out[17]=

Out[18]=

Tuu[i, j] // ToFlavor[red]
CovariantD[%, red /@ {m, n}]
% // ExpandCovariantD[labs, red /@ {a, b}]

T’
13
T ;jmn
i @Taj i aj mb ba rJ @Tbj
r maWJrr n b T 4Fra+T T‘maJr O xm
. ib 2mi]
] ot * ] ia pb ab pi or > o°T
T ma “5yn + I nb (T T ma+T T ma * A xm + O xD A xm -
o o oT’ 5 art or’ .
b aj i ia J aj ma ia ma
o | T TPpa+T T b3+W o xn Axn

We could use different symbols for the coordinate and Christoffel symbols. This uses A for the connection and y for the
coordinates.

In[19]:=

Out[19]=

Out[20]=

Out[21]=

Tdd[i, j] // ToFlavor[red]
CovariantD[%, red@k]
% // ExpandCovariantD[{y, 6, g, A}, red@a]

T, .

173

T, .
ij;x

OT.
oy~

_Ta J

APy =Ty ATy g+

ia
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If a tensor has no covariant derivative indices then ExpandCovariantD does nothing. In the following, only one
term is expanded.

In[22]:= 2Tud[i, j] + CovariantD[Tu[i], Jj]
% // ExpandCovariantD[labs, a]

out[22]= T . +2 T,

i aTt

out[23]= 2T . +T3T" . _ + -
ox’?

The following is an example of a calculation with covariant derivatives. We set the metric for a spherical coordinate
system and express it in terms of coordinate positions.

In[24]:= metric = DiagonalMatrix[{1, r?, r? Sin[6] 2}] ;
(tmetric = metric // CoordinatesToTensors[{r, 6, ¢}]) // MatrixForm
MapThread[SetTensorValueRules[#1, #2] &,
{{gdd[a, b], guu[a, b]}, {tmetric, Inverse@tmetric}}];

Out [25]//MatrixForm=

1 0 0
0 (xH)? o0
0 0 sin[x%]” (x1)°

We then calculate and set the Christoffel values...

In[27]:= MapThread[SetTensorValueRules[#1, #2] &,
{{Tddd[a, b, c¢], T'udd[a, b, c]}, CalculateChristoffels[labs]}];

The following displays the independent nonzero values of the up Christoffel symbols.

In[28] := SelectedTensorRules|[I', T'udd[_, a_, b_] /; OrderedQ[{a, b}]] // TableForm

out [28]//TableForm=
., - -x!

rl,, > -sin[x?]” x!

T212 - (Xl)il

%5, > -Cos[x?] Sin[x?]

;- (xh) !

3,5 - Cot [x?]

We then

1) Set the coordinate position values to coordinate symbols via rules.

2) Take the covariant derivative.

3) Expand the covariant derivative in terms of Christoffel symbols and the coordinate positions.
4) Expand the expression into an array making all substitutions.

5) Clear the rules for the coordinate positions.
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In[29] :=
CovariantD[Tu[i], k]

SetTensorValueRules[xu[i], {r, 6, ¢}];

% // ExpandCovariantD[labs, a]

% // ToArrayValues]|]

ClearTensorValues[xu[i]]

out[30]= T,

e oTt
out[31]= T3TH, _+ oo
oT! , OT! , 5.5 OT!
out [32]= {{ 5 T Tr o, -rsin[e]’ T+ 56 b
TLOT T 9T osie)] sinfe] T3+ 2T }
r or ' r o6 ' a¢ I’
3 ot , or3 T , orT3
{?+ S Cot[O] T + 56 T+Cot[9} T? + 55 1

That gives us the covariant derivative components of T in terms of the contravariant T components.

A tensor times a covariant derivative.

In[34]:=

Tdu[k, j] CovariantD[Sd[k], m]

% // ExpandCovariantD[labs, a]

out [34]= S,

8S,
oxm

Out[35]= T, |-S,T%,, +

The covariant derivative of a product of tensors and a constant.

In[36]:= 2mqgSd[k] Tdu[j, k]
CovariantD[%, m]
% // ExpandCovariantD[labs, a]
out [36]= 27mqS, T;"
k k
out [37]= 2mq (T; n Sk +Skn Ty )
k
out[38]= 2nmqT.* |-s, T? 95 ) 2 nqgs, |-T,* T,® Ik )
ut [ 1= Tq j Rt mk+@Xm + T og |~ 1a mjJr j ma A xm
In[39]:= 8d[a] Tu[b]
CovariantD[%, {c, d}]
% // ExpandCovariantD[labs, {e, f}]
out([39]= S, T°
out[40]= S, T°,  +S., T2 a0+ T, g Sa+Sa,cq T°
e @Sa f +b OTb e Osa f b @Tb
Out [41]= (—SeI‘ qat @xd) T T ¢+ 5%c + =S Th g+ OXC) T " T"gae + xd
@2Tb f e b OTb b ot b e nf @Tf e Orbce
a(@xdéxc _Tdc(TTfe+6Xf) ce @Xd +Fd (TTce+@XC) @Xd )"’
8%s 9s 39S as ore
b £ £ £
! (@Xd Oaxc “ e (786 Tea s Ox? ) “ea @XS ~1aa (78 Toe @XCJ e @Xga)

©1988-2005 Wolfram Research, Inc. All rights reserved.



Printed from the Mathematica Help Browser 5

Now, let's try the well known identity about the covariant derivative of the metric tensor, using the metric tensor and
Christoffel symbols from above. We equate the covariant derivative to the 3rd order zero tensor.

In[42]:= SetTensorValueRules[dud[i, j], IdentityMatrix[NDim]]
gdd[m, n]
CovariantD[%, i] == zeroddd[n, m, i]
stepl = % // ExpandCovariantD[labs, a]
ToArrayValues[] /@ % // MatrixForm

out [43]= Qg

out[44]= Gun,; = Opny

og
Out[45]= 7ganraim7gmar‘ain+ @;1 = Onmi

Out [46]//MatrixForm=
True

The double covariant derivative of a scalar still requires two expansion indices, but the first one is not used and can
even be a Null.

In[47]:= Tensor[¢]
CovariantD[%, {a, b}]
% // ExpandCovariantD[labs, {, d}]

out [47]= ¢
out[48]= ¢,.yp

0% ¢ d o¢

Out [49]= ——— - T
e 49 OxP oxa ba gxd

That usage allows us to use the same ExpandCovariantD on scalars and tensor expressions that evaluate to scalars.
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In[50] := Tensor[¢] + Sula] Sd[a]
CovariantD[%, {b, c}]
% // ExpandCovariantD[labs, {d, e}]
% // TensorSimplify
% // MapLevelParts[UpDownSwap[a], {{5, 6, 8}}]
out[50]= ¢+ S S,
out[51]= ¢,pc+ 5%, Sa,p +5%,,Sa,c+Sa,,. 5" +5%.,. S,
0% ¢ o¢ q os? as a as? as
out[52]= e ® b xe (S To g+ @xc) (—Se Tepa+ ‘Oxi ) + (S Topq + Oxb) (—Se .. Oxi ) +
8% s* a a 859 a o5se q 0T34
S [ Gara T e (ST e e ) e Goe T (80T g ) 87 258 ¢
a%s a as 4 0S4 a as ord,
s (Oxc axp ev (_Sdr ot Gxe ) " Gxe “Tea (_Sdr bet Fb ) 54 gxe
out[53]= s%s, T, _ T® sds, T8, 4T 09 © 0o o s
ut [53]= a cel ba-~ e bd ca*W* cb Fxe 2 3xcoxb
as 8%s 8s% as 8s* as as
S I‘e a a a a 7Sa I‘e a
at cb gye © Ox°0xP = Ox° OxP  oxP Ox° °P gxe
d a e d a e 62(1)
Out [54]= 89S T% e T%pa -89S T pa T cat 5o -
oJ0) 8%s 8s® a8s as
re a a a 2 Sa Te a
cb fxe Oxc axP " OxP 0x° cb fxe

We cannot expand the following covariant derivatives because they contain non tensor items.

In[55]:

Out [55]

Out [56]=

{CovariantD[PartialD[labs] [Td[a], xu[b]], c], CovariantD[T'udd[a, b, c], d]}

% // ExpandCovariantD[labs, i]

({

ExpandCovariantD: :nottensor :

oT,
%P

) ’ I‘abC;d}

;C

OT,
oxP

A covariant derivative , {(

) , Tabc;d}, cannot be expanded

because Tensorial cannot assess the tensor nature of the expression.

SAborted

However, by setting permissive to True, Tensorial will do the expansion. (It would be incorrect in this example.)

In[57]:

Out [57]

Out [58]=

{CovariantD[PartialD[labs] [Td[a], xu[b]], ¢], CovariantD[T'udd[a, b, c¢], d]} //

ToFlavor|[red]
% // ExpandCovariantD[labs, red@i, True]

({

OT,
oxP

) ! I‘abC;d}
oT,
Ox*t

8T,

i i

cb

{ 92T,
0x° 9x°

T Thpe - T

ic

i
Tap -

o, .

T, Th .+
bi dc @Xd

J

The following expression won't expand at all because it contains a base index. (Take the covariant derivative of the
abstract index expression and then expand to base indices.)
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In[59] := CovariantD[Td[1l], b]
% // ExpandCovariantD[labs, i, True]

out[59]= Ty,

ExpandCovariantD: :nottensor
A covariant derivative , Ti,,s cannot be expanded because

Tensorial cannot assess the tensor nature of the expression.

out [60]= $Aborted

The following expression won't expand because it contains an unexpanded partial derivative.

In[61]:= PartialD[Td[a], b]
CovariantD[%, c]
% // ExpandCovariantD[labs, i, True]

out[61]= T,

out[62]= (Ta,p) .

ExpandCovariantD: :nottensor

A covariant derivative , (T, ) o cannot be expanded because
’ i

Tensorial cannot assess the tensor nature of the expression.

out [63]= S$SAborted

Expand the partial derivative first.

In[64]:= PartialD[Td[a], b]
CovariantD[%, c]
% // ExpandPartialD[labs]
% // ExpandCovariantD[labs, i, True]

out[64]= T

out[65]= (T, ) . _

2
0°T, 4 0T, & OT,

Outlerl= 5 cowr | ©® -

oxt €% axP
The following is a second order partial derivative of a tensor.

In[68]:= Td[a]
CovariantD[%, {b, c}]
stepl = % // ExpandCovariantD[labs, {i, j}]

Out[68]= T

out[69]= T

a;bc
o%T, 5 5 OT, 5 oT, 5 5 OT;
out [70]= m—r A e U P -, PP ST [FTiT 5+ | -
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The following steps perform the covariant derivative in two separate steps. The first step generates partial derivatives
and Christoffels. Nevertheless, the complete expression is a valid tensor so the user would be justified in granting
permission to covariantly expand.

In[71]:= Td[a]
CovariantD[%, b]
% // ExpandCovariantD[labs, i]
Print ["The expression above is a
valid tensor even though the individual terms aren't"]
CovariantD[%%, c]
step2 = % // ExpandCovariantD[labs, j, True]
Print["Check that the two answers are the same"]
stepl - step2 // TensorSimplify

Out[71]= T

out[72]= T,y
oT,

_ i
Out(73]= ~Ti Thpa+ =%

The expression above is a valid tensor even though the individual terms aren't

@Ta i i

out [75] = (@xb) CT e T - Ti o Thypa
i C

o°T, b oT, i 5 OT;
T L b S N -

. 0T, : . . . . . OTi

J J 1 J i J i j b

Fca Oxb_Ti (F er ba—I‘ bjfca—T jarcb+ @Xca

Check that the two answers are the same

out[78]= 0

Restore settings.

In[79]:= ClearTensorValues /@ {gdd[i, j], guu[i, j], T'udd[i, j, k], I'ddd[i, j, k], Sud[i, F]};
In[80]:= ClearTensorShortcuts[{{x, y, S, T}, 1}, {{g, 6, S, T}, 2}, {{T, A, zero}, 3}]
In[81] := DeclareBaseIndices@@ oldindices

ClearIndexFlavor /@ IndexFlavors;
DeclareIndexFlavor /@oldflavors;

Clear[oldindices, oldflavors, labs, stepl, step2, covmn]
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ExpandDotArray

m ExpandDotArray [tensorpattern, transposeorder] [expr] will expand tensors that fit tensorpattern into

arrays and wrap them in MatrixForm.

The routines in the Arrays section of Tensorial Help facilitate the conversion of tensor equations to vector-matrix-array equations.

In Tensorial this is called operating in dot mode. This can be used for didactic purposes and is sometimes faster because

Mathematica array operations are more efficient than tensor summations. See Arrays & Tensors in the Examples section for

an extended discussion.

The expansion is done in the sort order of the raw indices in each tensor. The lowest sort order index will be at the highest level.

The optional argument transposeorder can be used to transpose the levels of the resulting array. Arrays can either be transposed

with this argument or in the Dot Operate command.

This is intended to be used on equations that have been put in the dot mode with Dot TensorFactors.

See the notes for Dot TensorFactors.

See also: DotTensorFactors, DotOperate, ToArrayValues, ArrayExpansion, EinsteinArray.

Examples

In[1]:= Needs|["TensorCalculus4 Tensorial'"]

Save the old settings.

In[2]:= oldindices = CompleteBaseIndices;
DeclareBaseIndices[{1l, 2, 3}]

In[4]:= DefineTensorShortcuts[{{e, £, R}, 1}, {{R, S, T}, 2}, {S, 3}]

The following are two examples from Dot TensorFactors. We go one step further and expand the tensors.

In(5]:= Rdd[a, c] = Tdu[a, b] Sdd[b, c]

Out[5]=

Out[6]=

Out[7]=

In the second example we have to expand the tensor product of e and f and not each tensor individually.

MapAt [DotTensorFactors[{2, 1}], %, 2]
% // ExpandDotArray[Tensor[_ ]]

b
Rac::SbcTa
b

Ric=Ta".5pc
1 2

Rii Riz Rig T T T, ? Si11 Si, Si3

- 1 2 3

Ry1 Ryz Ryg | = T T2 T, -1 821 S22 Sus
1 2 3

R31 Rsz Rss T3 T3 T3 S31 S3z2  S33
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In[8]:= Rd[ec] == 3 eu[a] fu[b] Sddd[a, b, c]
% // MapLevelParts[DotTensorFactors[{{1l, 2}, 3}], {2, {2, 3, 4}}]
% // ExpandDotArray[Tensor[R | S, _, _] |eu[_] fu[_]]

out[8]= R, =3e% f° S,y

out[9]= R, =3 (e* fP).s

(e} *Yabc

Slll SlZl 5131

Si12 S122 S132

S113 S123 S133

R, el f1 el f? e!f? S211 S221 S231

out[10]= | R, | =3 |e?f! e?f? e?f3 |.| |5S,,, S22 S232
R, e? £l e’ f? e’ f’ S213 S223 S233

S311 S321 S331

S312 S322 S332

S313 S323 S333

In the following the S matrix expansion would normally put i at the top level and j at the lower level. But for normal
array multiplication we want the i index at the lowest level. This is accomplished by transposing S when expanding.

In[11]:= fu[j] =Sud[]j, i] eu[i]
MapAt [DotTensorFactors[{2, 1}], %, 2]
% // ExpandDotArray[Tensor[S, _ ], {2, 1}] // ExpandDotArray[Tensor[e | £, _ ]]

out[11j= £l =etgI,

out[12]= f3 =87, . et

fl Sl1 512 813 el
out[13]= | £2 | = |s?, 8%, 8%, |.|e?
f3 831 532 833 eB

Restore settings.

In[14]:= ClearTensorShortcuts[{{e, £, R}, 1}, {{R, S, T}, 2}, {S, 3}]

In[15] := DeclareBaseIndices@@ oldindices
Clear[oldindices]
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ExpandLieD

m ExpandLieD[{x, d, g, [}, a] [expr] will expand a first order Lie derivative of expr using coordinate
positions x, Kronecker ¢ and dummy index a.

m ExpandLieD[{x, d, g [}, {a, b, ...}] [expr] will expand higher order Lie derivatives using the list
{a, b, ¢, ...} asdummy indices.

The Lie derivative is ambiguous until it is expanded to partial derivatives with ExpandLieD, which provides the coordinates.

A common set of tensor labels, {x, &, g, T'},isused in all derivatives, even though every derivative does not used every label.
It will often be convenient to set a variable to the list that you are using in your application.

ExpandLieD is automatically mapped over arrays, equations and sums.

See also: LieD, SetLieDisplay,AbsoluteD, CovariantD, PartialD, TotalD.

Examples

In[1]:= Needs["TensorCalculus4 Tensorial'"]

Save the settings.

In[2]:= oldindices = CompleteBaselIndices;
oldflavors = IndexFlavors;
ClearIndexFlavor /@ oldflavors;
DeclareIndexFlavor[{red, Red}]

In[6]:= DefineTensorShortcuts[{{x, S, T, V, W}, 1}, {{6, S}, 2}]

labs = {x, 6, g, T};
SetTensorValues[Sud[i, j], IdentityMatrix[NDim]]

Set the Lie display for unexpanded Lie derivatives.
In[9]:= SetLieDisplay["LieMode"]
The Lie derivative takes on specific meaning when it is expanded to the partial derivative form.

In[10]:= Tu[i]
LieD[%, V]
% // ExpandLieD[labs, a]

out[10]= Tt
out[l11]= £yT%

ort ., ovt

out[12]= V?
utl12] oxa o xa

Lie derivative of a scalar tensor...
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In[13]:= Tensor[¢]
LieD[%, V]
% // ExpandLieD[labs, u]
% // EinsteinSum][]

out[13]= ¢

Out[14]= £v¢

o
out[15]= VH PR
¢ leJo) leJo}
_ 1 2 3
Oout[l6]= V xl +V %2 +V %3

With flavored expressions, the flavor should also be on the expansion index.

In[17]:= Tu[i] // ToFlavor[red]
LieD[%, V]
% // ExpandLieD[labs, red@u]

out[17]= T*
out[18]= £yTt

, OT* , OVt
Out[19]= V" — — T -
ox" ox"

Higher order derivatives are also supported and require additional dummy indices.

In[20]:= Tu[i] // ToFlavor[red]
LieD[%, {V, V}]
% // ExpandLieD[labs, red /@ {u, v}]

out[20]= T*

out[21]= f£yyT!

v, 0%TH eVt oT* oavt a1t OVH ovt L OTY LoV
out[22]= V' |VX — — T — — -+ - - - (V“ — - T" m
oxY Ox" oxv ox" oxY 9ox" oxl oxv OxY ox" ox"
The Lie derivative of a product of two scalars.
In[23]:= Tensor[¢] Tensor[y]
LieD[%, {V, V}] // HoldOp[LieD]
% // ReleaseHold
% // ExpandLieD[labs, {a, b}]
out[23]= ¢ U
out[24]= £yy (P ¥)
Out[25]= 2 £yQ Ly + Eyy¥ o+ Eyyd Y
op Ov 8% ¢ o¢p oOve 0%y oy ove
26]= 2V3VP vP | v VP v
out26] ox2 9xP tY oxP oxa T oxa oxP +o OxP oxa T oxa oxP

Lie derivative of a product of a scalar tensor and a 2nd order tensor with respect to two different vector fields.
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In[27]:=

Out[27]=

Out [28]=

Out [29]=

Tensor[¢] Sud[i, j] // ToFlavor[red]
LieD[%, {V, W}]
% // ExpandLieD[labs, red /@ {u, v}]

i
ORSIE

£q® £yS , + £yd £4S’ 5 + EyuS 5 O+ Evnd S’

: 2 oV
slﬁwV(v“ hl - @?‘ ) +
: oxY 0x" ox" oOxv
as’t , i v as’ i v
w99 [y 3 g OVi g OV | g 99 [ 5 ow' o oW ).
ox" oxY Joxv " ax? ox" oxY I oxv AxI
- o?st L ervE os', ovt . OV ast, av as', av
o |w v — I _ g _ - —+ 8, “ : J
ox¥ Ox" ) oxv ox" oOx” %" Ax¥ AxJ o0xY gxJ ax" 0Ox
, 08’y ov ovY | owt , 8st, . avt 4 OV ow
Ve — +5°, i pall e vl A — - STy T +Sy, ;
@XM M @Xj ] @X @X" @X" @X’ L @X” @Xj

ExpandLieD maps over arrays, equations and sums.

In[30] :=

Out [30]=

Out[31]=

{LieD[Tensor[¢], V] + LieD[Tensor[¥], W] == 0, LieD[a Tu[i], W] <0}
% // ExpandLieD[labs, u]

{£yd + £qf = 0, a £4TH <0}

owt
ax!

=0, a W“%—T“
X

o¢

oxt

oy

+ WH
oxM

{ve

)50}

An incorrect number of indices passes through unevaluated.

In[32] :=

Out [32]=

Out [33]=

Out[34]=

Tu[i] // ToFlavor[red]
LieD[%, {V, V}]
% // ExpandLieD[labs, red@u]

Ti
fyyTh

£yyTH

The expansion operates on the terms it matches.

In[35]:=

Out [35]=

Out[36]=

LieD[a Tu[i], {V, V}] + LieD[b Tu[i], V] // ToFlavor[red]
% // ExpandLieD[labs, red@u]

b £VTi +a £VVTi

ot ., ovt

aftyyTh+b |VH _ _ T _
vV ox" ox"

Products of sums will have to be expanded before ExpandLieD will operate.
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In[37]:= (LieD[Tu[i], V] +LieD[Tu[i], W]) (LieD[Tu[j], V] - LieD[Tu[]j], W]) == Suu[i, j]
Print ["ExpandLieD does not match without expansion"]
%% // ExpandLieD[labs, {a, B}]
Print["But works after expansion"]
%% // ExpandAll
% // ExpandLieD[labs, {a, B}]

out [37]= (£yT + £4TY) (£4T7 - £4T7) = s*7

ExpandLieD does not match without expansion

i i o1’ ov? aT1? ov? i i
out [39]= (va OT _qa OV ] B -8 + | VP -8 (wa OT" o OW )—
O x« O x@ axB axP axP axP 0 x@ O x&
5 5 j j 5 N j j
Ve 0T _ T @L B orT _ B ow _ W 0T _ T ow W/J’ @_T _ ow Si]
ox? ox? %" %" ox? O %" ox”?

But works after expansion

a1t o1’ o1t o1’ o1t OT? aTi o1’
out[41]= V*VP 5 + VB W 5 v P 5 WP 5 -
Ox% ax Ox% ax O0x% ax o0x% a/x
o1’ avi oT? vt aTi oV3 5Ti OV’
T VA + T WP —Thye Z— —Thwe . 4
oxP oxa axP ox~ Oxa 5xP Ox* gxP
ovt oV oT) awt o1 oyt oV awt
o TP — ey +TOWP + T T +
Ox* /b axP Ox« axP Ox2 axP Ox«
ATt AR aTt oWl avi ow’ awt ow’ -
TP v —— >+ TPW B—TQTB - T - T TP S 5 =s"?
0x% ayx Ox%* Ax 0x% ayx 0x%* Ax
aTt T3 ATt T3 ATt T3 aTt T3
out [42]= VO VP + VP W - ve — W Wt -
Ox% axP Ox% axB Ox% axP Ox% axP
0T’ avi 0T’ avi oTt oV’ Tt ov?
T VP = T —— TRV o —— TP o
oxP Ox« oxP 0Ox« Ox% Ax Ox% fx
wop OVE OV 50T awt 5 0T owt . 5 OV ow!
TO T - i S - +TOW — — +T*T 3 — +
Ox% ax oxP 0Ox oxP Ox oxP 0Ox
i ] ] i ] i ]
TB v oTt oW +TB W oT ow _ T« TB ovt ow _ T« TB owt OwW ol
Ox* /b Ox* Fxh Ox% /b Ox* Fxh

Restore the settings.

In[43] := ClearTensorShortcuts[{{x, S, T, V, W}, 1}, {{&6, S}, 2}]

In[44]: SetLieDisplay["PlainMode"]

DeclareBaseIndices @@ oldindices
ClearIndexFlavor /@ IndexFlavors;
DeclareIndexFlavor /@ oldflavors;
Clear[oldindices, oldflavors]

In[45]:
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ExpandPartialD

m ExpandPartialD[{x, J, g ['}] [expr] expands the partial derivatives using the coordinate label x and the
Kronecker label 6.

The partial derivative of a tensor is not itself a tensor. However, it is used along with the Christoffel symbols in calculating the
covariant derivative, which is a proper tensor.

ExpandPartialD is just a delayed form of PartialD[labs] and it does not directly allow you to introduce partial derivatives
with respect to symbols.

In ExpandPartialD the extended list of labels {x, &, g, T'}, for coordinate, Kronecker, metric and Christoffel labels, is
given to be in conformity with similar usage with the other derivatives. Only x and & are actually used with ExpandPartialD.

When working in a notebook with a constant set of labels one can put 1abs = {x, &, g, I'}and then use
ExpandPartialD[labs] [expr], with similar usage for the other derivative expansion routines.

See also: PartialD, NondependentPartialD, TotalD, CovariantD, AbsoluteD.

Examples

In[1]:= Needs|["TensorCalculus4 Tensorial'"]
Save settings.

In[2]:

oldflavors = IndexFlavors;
ClearIndexFlavor /@ oldflavors;
DeclareIndexFlavor[{red, Red}]

In[5] := DefineTensorShortcuts[{{x, T}, 1}, {{S, T, 6}, 2}]
Set the standard labels to be used in the examples.
In[6]:= labs = {x, 6, g, T};

Without information as to the coordinate positions, a partial derivative simply shows a comma before the differentiated
indices. These expressions can be expanded to explicit partial derivatives by using ExpandPartialD and supplying
the coordinate and Kronecker labels.

In[7]:= Td[i]
PartialD[%, j]
% // ExpandPartialD[labs]

out[7]= T,

Out [8]= Ti,j
oT;

out[9]= -
0%’

For flavored expressions, the flavor must also be on the derivative index, but nothing further is needed in expanding.
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In[10]:= Td[i] + xu[i] // ToFlavor|[red]
PartialD[%, red@j]
% // ExpandPartialD[labs]

out[10]= T, +x*

Out[11]= T, +x*

out[12]= & 4 2L
ox’

All the tensors containing partial derivatives are expanded.

In[13]:= {xu[i] +Tu[i], 2xu[i] Tu[j], Tu[i] Sud[p, i]} // ToFlavor|[red]

PartialD[#, red@k] & /@%
% // ExpandPartialD[labs]

out[13]= {T'+x*, 2T xt, s, T}

out[14]= {T' , +x' ,, 2 (x' T’ +T x'), T' ,s* +s”, T'}
. 8T ; T’ 6s”, ., ot
OQut[15]= {6 r+ %’ 2 |T° 6 r T X @Xk ’ 5%k i @Xk}

Restore settings.
In[16]:= ClearTensorShortcuts[{{x, T}, 1}, {{S, T, 6}, 2}]

In[17] := ClearIndexFlavor /@ IndexFlavors;
DeclareIndexFlavor[oldflavors];
Clear[oldflavors, labs]
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ExpandTotalD

m ExpandTotalD[{x, &, g, T'}, a] [expr] expands total derivative expressions with coordinate label x
and Kronecker label 9, using a as the dummy index.

m ExpandTotalD[{x, &, g, T}, {a b, ..}] [expr] expands higher order derivatives.

Tensors are funtions of the coordinate positions and any variation of the tensor is due to the variation of the coordiates over the
parameter of differentiation used. Tensors are not allowed to depend on the parameters directly but only through the coordinates.!

For multiple differentiations, a dummy index for each differentiation must be given.
The dummy indices must be in the desired flavor.

A common set of tensor labels, {x, &, g, T'},is used in all derivatives, even though every derivative does not used every label.
It will often be convenient to set a variable to the list that you are using in your application.

ExpandTotalD is mapped over arrays, equations and sums.
Total derivative expressions are fully evaluated when a tensor is expanded to its components.

See also: TotalD, CovariantD, PartialD, AbsoluteD, ExpandPartialD.

Examples

We set the Euclidean metric and coordinates.
In[1]:= Needs|["TensorCalculus4 Tensorial'"]
Save the settings.

In[2]: oldindices = CompleteBaseIndices;

oldflavors = IndexFlavors;
ClearIndexFlavor /@ oldflavors;
DeclareIndexFlavor[{red, Red}]

In[6]:= labs = {x, §, g, T};
DefineTensorShortcuts[{{x, F, G}, 1}, {{g, &}, 2}]
SetTensorValues[dud[i, j], IdentityMatrix[3]]

Here is the total derivative of a tensor F...

In[9]:= Fu[i]
TotalD[%, t]

out[9]= F*t

drt
dt

Out[10]=

The actual meaning of TotalD is...
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In[11]:=

Out[11]=

Out[12]=

Out[13]=

Fu[i]
TotalD[%, t]

% // ExpandTotalD[labs,

Fi

dr?t
dt

dx2 ort
dt oOxa

a]

ExpandTotalD is mapped over arrays, equations and sums.

In[14]:=

Out[15]=

Out[l6]=

In[17]:=

Out[17]=

Out[18]=

Out[19]=

TotalD[{Fu[i] + Gu[i], Fu[]j]}, t] = {0, 0} // Thread;

MapThread[#2@e #1 &, (%,
% // ExpandTotalD[labs,

{Equal, LessEqual} }]
a]

{lei , 46t ar’ o]
dt dt 77 dt
(o oFf dx* oGt _ = dx* OF 0]
dt Oxe dt Oxe " dt oxa T~
Fu[i] Gu[j] == ¢
TotalD[%, t]
% // ExpandTotalD[labs, a]
joks Gj =C
S drt . d6’ dc
G’ Fi = —
at ' ° dt T dt
oI dx* oF?t ; dx? lex __dc
dt oxa dt oxa  dt

Here is a second order differentiation. For a flavored expression, the dummy indices must be in the desired flavor.

In[20] :=

Oout [20]=

Out[21]=

Out[22]=

In[23] :=

Out[23]=

Out[24]=

Fu[i] // ToFlavor[red]
TotalD[%, {t, t}]

% // ExpandTotalD[labs,

red /@ {a, b}]

Fi

d?rt

dt dt

dx® dx> &8%Fi ) d?x® OFt
dt dt o6xPox2 dtdt dxe

TotalD[Fu[i], t] TotalD[Gu[]j], t] == 0
% // ExpandTotalD[labs, {a, b}]

dri dg’
dt dt

=0

8G?

oxP

ort
oxa

dx2 dxP

dt dt =0
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In[25]:= (TotalD[Fu[i], t] + TotalD[Gu[i], t]) (TotalD[Fu[]j], t] - TotalD[Gu[j], t]) ==
% // ExpandTotalD[labs, {a, b}]

25 drt dgt dar’ dag? 0

out = - =

utl2o] dt  dt dt dt

out 26y [AxL OFL | dx* oGt [ dx” or’  dax® 96’
¢ T |Tat 6x2 T dt oxe dt ox° dt ox° |

The number of dummy indices must be equal to the differentiation order.

In[27]:= Fu[i] // ToFlavor[red]
TotalD[%, {t, t}]
% // ExpandTotalD[labs, red /@ {a, b, c}]

out[27]= F*t

d?rt

outl28]= grar

ExpandTotalD: :dummies : Number of dummies {a, b, c}
does not match number of differentiation variables {t, t}

out [29]= S$SAborted

Here, we calculate the acceleration of a particle moving on a circular path.

In[30] := SetTensorValueRules[xu[i], {Sin[t], Cos[t], 0}]
TotalD[xu[i], {t, t}]
% // ExpandTotalD[labs, {a, b}]
% // KroneckerAbsorb[§]
% // ToArrayValues|[]

out [31]= ﬁ
“ - dtdt
; d? x2
out[32]= &
utl32] a dt dt
out [33]= e x!
“ T dtdt

Out[34]= {-Sin[t], -Cos[t], 0}

A total derivative of a partial derivatice of a tensor. We must expand the partial derivative before taking the total
derivative.
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In[35]:= ClearTensorValues[xu[i]]
Fulk]
PartialD[%, m]
ExpandPartialD[labs] [%]
TotalD[%, t]
ExpandTotalD[labs, i] [%]

out[36]= F¥

out[37]= F¥

Out [38] OF"
u -
oxm
OFk
out [39]= o
dt
out [40] dx?t 82 Fk
u = TrT——
dt oxtoxm

If we use a partial derivative after a total derivative, the total derivative must be expanded and the corresponding

expanded form of PartialD must be used.

In[41]:= Ful[k]
TotalD[%, t]
% // ExpandTotalD[labs, i]
PartialD[labs] [%, xu[m]]

out[41]= F¥

Out [42]= dr*
“ - dt
Out [43]= K OF"
. - dt axt
out [44] dx?t 8% Fk
u B
dt oxmoxt

Restore the sesttings

In[45]:= ClearTensorValues /@ {xu[i], Sud[i, jl};
ClearTensorShortcuts[{{x, F}, 1}, {{g, 6}, 2}]

In[47] := DeclareBaseIndices@@ oldindices
ClearIndexFlavor /@ IndexFlavors;
DeclareIndexFlavor /@ oldflavors;

Clear[oldindices, oldflavors]
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ExtractFreelIndices

mExtractFreeIndices [expression] will return {upindices, downindices} where each is a list of
the free indices in the expression.

The expression may be an equation, a sum of terms, or a single tensor term.

The routine may be used to check index balance in an equation or expression. If the terms don't all have the same free indices an
error message is generated and False is returned.

This routine is primarily used in programming other routines.
Free indices are indices that appear only once in each term.
upindices and downindices are each returned in the natural sort order.

ExtractFreeIndices uses the ParseTermIndices routine. You can use IndexParsingRules to implement tensor
expressions that are not normally recognized by ParseTermIndices.

See also: ParseTermIndices, IndexParsingRules, EinsteinArray.

Examples

In[1]:= Needs["TensorCalculus4 Tensorial'"]

Save the old settings.

In[2]:= oldindices = CompleteBaselIndices;
oldflavors = IndexFlavors;
ClearIndexFlavor /@ oldflavors;

In[5]:= DeclareBaseIndices[Range[3]];

DeclarelIndexFlavor /@ {{red, Red}, {rocket, SuperDagger}};
DefineTensorShortcuts[{{x, y, F, T}, 1}, {{S, T}, 2}]

With an equation...

In[8]:= Sud[i, j] xu[]j] yd[m] == Tud[i, k] xu[k] yd[m] // ToFlavor[red]
% // ExtractFreelIndices

Out[8]= Sif Xj Y == Tik Xk Yn
out[9]= {{i}, {m}}
With a sum...

In[10]:= Sud[i, Jj] xu[]j] yd[m] - Tud[i, k] xu[k] yd[m] // ToFlavor[rocket]
% // ExtractFreelIndices

i T st st t
out([10]= S* 5 %7 N - Tt " xK \

out[11]= {{i'}, {m'}}
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The following expressions are incorrect.

In[12]:= Sud[i, j] xu[j] yd[m] == Tud[i, k] xu[k] yd[n] // ToFlavor[red]
% // ExtractFreelIndices

out[12]= S';x)y, =T, x"y,

FreeIndices: :notmatched : The free indices are not the same

in all terms of the expression or some terms have bad indices.

Out[13]= False

In[14]:= Sud[i, Jj] xu[]j] yd[m] == Tud[i, k] xu[k] yd[k] // ToFlavor[red]
% // ExtractFreelIndices

Out[14]= Sij x)y, = Tik x¥ Vi

FreeIndices::notmatched : The free indices are not the same
in all terms of the expression or some terms have bad indices.

Out[15]= False

Expressions involving differentiations.

In[l16]:= Sud[i, j] xu[]j] CovariantD[Td[u], m] == Tud[i, k] xu[k] CovariantD[Td[u], m] //
ToFlavor|[red]
% // ExtractFreelIndices

out[16]= T, S'.x) =T, T', %

L. m YR
Him J Him

out[17]= {{i}, {m, u}}

In[18]:= Sud[i, j] xu[]j] CovariantD[Td[u], m] == Tud[i, k] xu[k] CovariantD[Td[u], m] //
ToFlavor[red]
ExpandCovariantD[{x, 6§, g, '}, redea] /@ %
% // ExtractFreelIndices

out[18]= T, S';x’=7T, T x*

out[19]= S' x) [-T,T® OTi) mpi ¢ (-1, 1" oL,

ut [19]= 3 X (_ a myp T 8 xm - k X (_ a mu * 3 xm

out[20]= {{i}, {m, u}}
In[21]:= Fu[i] ==mTotalD[xu[i], {t, t}]
% // ExtractFreelIndices

m d? xt
T dtdt

out[21]= Fi-
out[22]= {{i}, {}}
Restore the initial settings...

In[23]:= ClearTensorShortcuts[{{x, y, F}, 1}, {{S, T}, 2}]

In[24] := DeclareBaseIndices@@ oldindices
ClearIndexFlavor /@ IndexFlavors;
DeclareIndexFlavor /@ oldflavors;
Clear[oldindices, oldflavors]
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ExtractTensorSlots & SlotsToTensor

mExtractTensorSlots[Tensor[label, ups, downs]] will extract the slots of the tensor.

m SlotsToTensor [slots] will convert the slots obtained with ExtractTensorSlots back to a tensor.

The slots are returned as a list of the form { { 1abel, index, 1} where -1 is used for an up index and +1 is used for a down
index.

ExtractTensorSlots is primarily used internally but is provided to the user as a convenience.

See also: ExtractTermSlots.

Examples

In[1]:= Needs["TensorCalculus4 Tensorial'"]
In[2]:= DefineTensorShortcuts[{R, 2}, {T, 4}]

In[3]:= testlist = {Rdd[a, b], Rud[a, b], Rud[a, a], Tuddd[a, b, c, d]};
Thread[testlist -» ExtractTensorSlots /@testlist] // TableForm

Out [4]//TableForm=
R.p, - {{R, a, 1}, {R, b, 1}}
Ry -» {{R, a, -1}, {R, b, 1}}
R, - {{R, a, -1}, {R, a, 1}}
Tpeg~ {({T, &, -1}, {T, b, 1}, {T, ¢, 1}, {T, d, 1}}

In[5]:= Tuudd[a, b, ¢, d]
% // ExtractTensorSlots
% // SlotsToTensor
out[5]= T2P 4

Out [6]= {{TI ay _1}1 {Tr br _1}1 {Tr Cy 1}! {TI dl 1}}

b
out[7]= T*°_g4

In[8]:= ClearTensorShortcuts[{R, 2}, {T, 4}]

In[9]:= Clear[testlist]
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ExtractTermSlots

mExtractTermSlots [term] will extract the slots of the tensor term in the Mathematica order of the factors.

The slots are returned in the form: {scalarfactor, factorslots ..}

The factor slots are returned as a list of the form { {1label, index, ¥ 1} where -1 is used for an up index and +1 is used for a
down index.

Tensors and indices in derivatives are extracted from the derivatives and the derivative information is lost.
ExtractTermSlots is primarily used internally but is provided to the user as a convenience.

See also: ExtractTensorSlots.

Examples

In[1]:= Needs|["TensorCalculus4 Tensorial'"]

In[2]:= DefineTensorShortcuts[{x, 1}, {R, 2}, {R, 4}]
labs99 = {x, 6, g, T'};

Some examples of extracting the slot structure for terms...

In[4]:= testcase = {Rdd[b, a], -2aSin[6] Rdd[b, a],
Rdd[a, b] Ruudd[a, b, ¢, d], 2gRdd[a, b] Ruudd[a, b, ¢, d],
Ruu[a, b] Rdddd[a, b, ¢, d], Ruu[c, d] Rdddd[a, b, ¢, d], 3};
Thread[testcase » ExtractTermSlots /@testcase] // TableForm

out [5]//TableForm=
Rpa = {1, {{{R, b, 1}, {R, &, 1}}}}
-2a8Sin[6] Ry, ~» {-2asin[6], {{{R, b, 1}, {R, a, 1}}}}
R.p R*Pcg > {1, {{{R, a, 1}, {R, b, 1}}, {{R, a, -1}, {R, b, -1}, {R, ¢, 1}, {R, d, 1}}}}
2qR,p R*P g~ {2q, {{{R, a, 1}, {R, b, 1}}, {{R, a, -1}, {R, b, -1}, {R, ¢, 1}, {R, d, 1}}}
R*R.pcq = {1, {{{R, &, -1}, {R, b, -1}}, {{R, &, 1}, {R, b, 1}, {R, ¢, 1}, {R, d, 1}}}}
R°9R.pcq > {1, {{{R, ¢, -1}, {R, d, -1}}, {{R, a, 1}, {R, b, 1}, {R, ¢, 1}, {R, d, 1}}}}
3-1{1, {}}

In[6]:= testcase = {PartialD[Rdd[a, b], c],
PartialD[labs99] [Rud[a, b], xu[c]], CovariantD[Rud[a, b], c]};
Thread[testcase » ExtractTermSlots /@testcase] // TableForm

out [7]//TableForm=
Rip,e > {1, {{{R, a, 1}, {R, b, 1}}, {{tlab$87, ¢, 1}}}}

Fe 5 {1, {{{R, a, -1}, {R, b, 1}}, {{x, ¢, 1}}}}

Rab;c% {ll {{{RI a, 71}! {RI b, l}}l {{tlab$90, Cy l}}}}

In[8]:= ClearTensorShortcuts[{R, 2}, {T, 4}]
Clear[testcase, labs99]
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