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ParseTermIndices

m ParseTermIndices [ferm] will return the lists of indices:
{dummies, {freeup, freedown}, bad} for the term.

This routine is primarily used in programming other routines.

Free indices are indices that appear only once in the term. Dummy indices are indices that appear exactly once in an up position
and once in a down position. All other indices are bad.

ParseTermIndices works on a single term.
ParseTermIndices excludes base indices and hence routines that use it will not operate on base indices.

ParseTermIndices works on most common types of tensor terms, but not every possible type of term. The
IndexParsingRules command can be used to set rules so that unanticipated forms of tensor terms can also be parsed.

See also: IndexParsingRules, SimplifyTensorSum, EinsteinSum, EinsteinArray, ExtractFreeIndices.

Examples

In[1]:= Needs|["TensorCalculus4 Tensorial'"]
Save the old settings.

In[2]:

oldindices = CompleteBaseIndices;

oldflavors = IndexFlavors;

ClearIndexFlavor /@ oldflavors;

DeclareBaseIndices[{1l, 2, 3}]

DeclareIndexFlavor /@ {{red, Red}, {rocket, SuperStar}};

DefineTensorShortcuts[{{x, T}, 1}, {{T, S, n}, 2}, {{T, S}, 3}]
labs = {x, 6, g, T};

In[7]:

Anup index....

In[9]:= =xu[i]
% // ParseTermIndices

out[9]= x*
out(10]= {{}, {{i}, {}}, {}}
A dummy index...

In[11]:= xul[j] xd[]j]
% // ParseTermIndices

OQut[ll]= X" X

out(12]= {{3}, {{}, {}}, {}}

Up, down and dummy indices...

©1988-2005 Wolfram Research, Inc. All rights reserved.



Printed from the Mathematica Help Browser

In[13]:=

Out[13]=

Out[14]=

Tudd[i, j, k] xu[k]
% // ParseTermIndices

lekxk

{({k}, {{1}, {313}, {}}

Bad indices....

In[15]:

Out[15]

Out[16]

In[17]:

Out[17]=

Out[18]=

xul[k] xu[k]
% // ParseTermIndices

(x%)°

({4 {0 {33, (k1)

Suud[]j, i, j] xu[]]
% // ParseTermIndices

SjljxJ

({3, ({1}, (33, {3313

The flavor is retained.

In[19]:

Out[19]

Oout [20]=

2 CovariantD[Tud[i, j], k] // ToFlavor[red]
% // ParseTermIndices
2Tt

j;k

(4, {03, {3, k3, {1

It works on dot products and CircleTimes products.

In[21]:=

Out[21]

Oout [22]

In[23]:

Out[23]=

Out[24]=

Additional types of expressions may be added by using IndexParsingRules.

xu[i] .xu[]]
% // ParseTermIndices

xt. %’

(4, {43, 33, {33 (33

xu[i] ®Tddu[i, j, k] // ToFlavor[rocket]
% // ParseTermIndices

k*

I
X" ®T;- 5

{({imy, (k") {3733, (33

Derivative quantities.
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In[25]:

{PartialD[labs] [Tu[i], xu[]j]], PartialD[labs] [Tu[i], {xu[i], xd[k], Tensor[¢]}],
TotalD[Tu[a], u], AbsoluteD[Tud[a, b], u], CovariantD[Tdd[a, b], c],
PartialD[labs] [Tensor[s], {xu[i], xd[k], Tensor[¢]}], LieD[Td[i], V]}

ParseTermIndices /@ % // MatrixForm

oTt o3 Tt dre DT, 8%s
ax) | oxtdx,0¢  du’ du " *Pic" 5xigx, 9o’

out [25]= { LieD[T;, V]}

out [26]//MatrixForm=

{3 i}, {33} {}
(i} {{k}, {}} {}
3 {{a}, {1} {}
{3 {{a}, {b}} {}
3 {0, {a, b,ct}y {3
{3 k), {11} {}
{0, 4 {}

It will work on nested tensors provided the nested tensor contains no sums.

In[27]:= PartialD[Tensor[Suu[a, b] Td[b]], {j, k}]
% // ParseTermIndices

out[27]= (S*PTy)
out[28]= {{b}, {{a}, {3, k}}, {}}

The following tests the case of the same raw index in the dummies and in flavored free indices.

In[29]:= Tud[r, red@s] Tud[t, red@r] ndd[t, r]
% // ParseTermIndices

out[29]= T*_ T, Ny,
Out [30] = {{rl t}r {{}l {Sr r}}l {}}
Tensors can be written as functions with arguments, but any Tensors in the arguments are eliminated.

In[31]:= Tdd[a, b] [xu[i]]
% // ParseTermIndices

out[31]= T,y [x*]
out[32]= {{}, {{}, {a, b}}, {}}
Restore the initial settings...

In[33]:

ClearTensorShortcuts[{{x, T}, 1}, {{T, S}, 2}, {{T, S}, 3}]

In[34]: DeclareBaseIndices @@ oldindices

ClearIndexFlavor /@ IndexFlavors;
DeclareIndexFlavor /@ oldflavors;
Clear[oldindices, oldflavors]
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PartialArray

m PartialArray [baseindex, newindices] [expr] will expand the free indices of a tensor expression into
components that have one or more baseindex indices and an unexpanded remainder. Symbolic indices are
replaced with newindices.

The elements are returned as a list.

The newindices list of symbols is used to replace the existing free index symbols. Greek indices might be replaced with Latin
indices to indicate a restricted further expansion. But it is up to the user to actually use a restriced expansion when further
expansions are performed.

Any flavor must be on the newindices and on the baseindex. Only indices with the baseindex flavor will be partially expanded. This
is a change in usage from Version 3.0.

Partial Array is mapped over arrays, equations and sums.

See also: PartialSum, EinsteinSum, ArrayExpansion, SumExpansion.

Examples

In[1]:= Needs|["TensorCalculus4 Tensorial'"]
Save the settings and declare base indices and flavors.

In[2]:

oldindices = CompleteBaseIndices;

oldflavors = IndexFlavors;

ClearIndexFlavor /@ oldflavors;
DeclareBaseIndices[{0, 1, 2, 3}]
DeclareIndexFlavor[{red, Red}, {blue, Blue}];

In[7]:

DefineTensorShortcuts[{{A}, 1}, {T, 2}, {T, 3}]
Let X be a spacetime vector. The following expands it into its components.

In[8]:= Au[u]
% // EinsteinArray]|]

out[8]= ¥
out(9]= {A°, A, A%, A%}
If instead we want to break A into its temporal and spatial components we can use

In[10]:= 2Au[u]
stepl = % // PartialArray[0, {i}]

out[10]= AH
out[11]= {A°, At}

0 is the index for the temporal part. The Greek index p: was replaced with the Latin i to indicate that the remaining part
should have a restricted expansion. We could complete the expansion with
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In[12]:= MapAt[EinsteinArray[{1l, 2, 3}], stepl, 2]

out[12]= {A°%, (A1, A%, A*))
The flavor must be on the replacement index and on the base index.

In[13]:= Au[rede@u]
% // PartialArray[red@0, {red@i}]

out [13]= MM
out[14]= {A°, A'}

The following expands a rank 2 spacetime tensor on the temporal part and then completes the expansion by mapping
EinsteinArray onto the parts. We have to map EinsteinArray because the parts do not have matching free
indices.

In[15]:= Tuul[u, v]
stepl = % // PartialArray[0, {i, j}]
EinsteinArray[{1l, 2, 3}] /@%

out[15]= THY
0 .
out[16]= {TOO, 9, 119, T”}
out(17]= {1°°, {1°%, T°%, T°°}, {T'°, 1?7, T°7},

{{TIO, T11, T12, T13}, {T2O, T21, T22, TZB}’ {T3O, T31, T32, T33}}}

Successive expansions can be performed on various base indices. The following expands first on the 0 index, then on
the 1 index and then on the remaining indices.

In[18]:= Tuu[u, v] // ToFlavor|[red]
% // PartialArray[red@0, red /@ {i, j}]
% // PartialArray[red@l, red /@ {i, j}]
Map[EinsteinArray[{2, 3}], %, {2}]

out[18]= THY

out(197= {1°°, %7, T*°, T}

out[207= {{1°°), {14, T}, {T*°, T}, {T**, TV, T}, T"}}
Out[21]= {{TOO}I {Tn;/ {TO2! Tﬂf%}}, {T;nr {TZU’ TSO}}!

{T;;, {T;Z, TlB}, {TZLI TBL}’ {{TZO, TZl, TZZ, TZE}, {TBU, TE;, T32, TJS}}}}
IfPartialArray is applied to an expression without matching indices an error is generated.

In[22]:= Tuu[u, v] Ad[o] + Tuud[u, v, B] // ToFlavor[red]
% // PartialArray[red@0, red /@ {i, j, k}]

out[22]= T" ;+T'Y A

(o)

FreeIndices: :notmatched : The free indices are not the same
in all terms of the expression or some terms have bad indices.

out [23]= S$SAborted

The new indices must be sufficient to replace the old free indices after removing any conflicts with dummy indices.
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In[24]:= Tuud[u, v, i] Au[i] // ToFlavor|[red]
% // PartialArray[red@0, red /@ {i, j}]

out[24]= TV, A

PartialArray::newindices :

New indices {j}, after removing dummies {i}, are insufficient to replace {u, v}

out [25]= S$Aborted

The routine works with multiple base index sets.

In[26]:

DeclareBaseIndices|[{t, x, y, z}, {red, {t, p, 6, ¢}}, {blue, {p, 6, ¢}}1]

In[27]: Aulu]
stepl = % // PartialArray[t, {i}]

MapAt [EinsteinArray[{x, y, z}], stepl, 2]

out[27]= ¥
out[28]= {At, At}

out[29]= {AY, {A*, XY, A*}})

In[30]:= Au[rede@u]
stepl = $ // PartialArray[red@t, {red@i}]
MapAt [EinsteinArray[{p, 6, ¢}], stepl, 2]

]

out [30]= A
out[31]= {5, A%}

out[32]= {A%, {A°, A9, A*}}

The following may be a more convenient method. We set blue indices above to encompass only the spatial dimensions.
Then by substituting a blue u for a red y, the array expansion will automatically be confined to the spatial dimensions.
We still had to apply EinsteinArray to the individual terms so we would not get a conflict in the free indices.

In[33]:= Au[redeu]
% // PartialArray[red@t, {blue@u}]
EinsteinArray[] /@ %

Oout[33]= AM

out[34]= {A%, A%}

out[35]= (A%, {(X°, 29, A%}}

Only indices of the baseindex flavor are broken out.

In[36]:= Tuu[u, v] Ad[red@o]
% // PartialArray[red@t, {red@i}]

out[36]= THY A,

out[37]= {T*Y A, T*Y A}
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In[38]:= Tuu[u, v] Ad[red@o]
% // PartialArray[t, {i, j}]
PartialArray[red@t, {red@i}] /@%

out[38]= THY A,

out[39]= {T% A, T9I A, T A, TH7 A}

or
out(40]= {{T° ., T"* A}, {T%7a, T}, {0, TRy, (T A, T A}

In[41]:= Tuu[u, v] Ad[red@o]
% // PartialArray[t, {i, j}]
% // PartialArray[red@t, {red@i}]

out[41]= THY A,

outra2j= {T°° 2, T9T A, T A, TH7 A}

or
out[43]= {{T° A, T " A}, {T%7 a, TOI N}, {0, TRy, (TP A, T AL}

Restore the initial values...

In[44]:

ClearTensorShortcuts[{{A}, 1}, {T, 2}, {T, 3}]

In[45]: DeclareBaseIndices @@ oldindices

ClearIndexFlavor /@ IndexFlavors;
DeclareIndexFlavor /@ oldflavors;
Clear[oldindices, oldflavors]
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PartialD

m PartialD [fensor, i] represents the partial derivative of the tensor with respect to the coordinate of index i.
m PartialD [fensor, {i, j, ...}] represents higher order derivatives.

mPartialD[{x, J, g ['}] [tensor, difvar] expands the partial derivative of the tensor with respect to difvar
using a coordinate position x and the Kronecker delta, ¢.

mPartialD[{x, J, g ['}] [tensor, {difvarl, difvar2, ...}] expands the partial derivative with respect to a
number of differentiation variables.

A differentiation variable, difvar, can be a symbolic variable or an x coordinate position, xu [ j] (in shortcut notation).

The partial derivative of a tensor is not itself a tensor. However, it is used along with the Christoffel symbols in calculating the
covariant derivative, which is a proper tensor.

Partial derivatives are done in the order of the indices, left to right but the order will not matter on continuous functions.

In the expanded form of PartialD the extended list of labels {x, &, g, I'}, for coordinate, Kronecker, metric and Christoffel
labels, is given to be in conformity with similar usage with the other derivatives. Only x and & are actually used with PartialD.

When working in a notebook with a constant set of labels one can put 1abs = {x, &, g, I'}and then use
PartialD[labs] [tensor, var] in the extended call, with similar usage for the other derivative routines.

See also: SetPartialDisplay, ExpandPartialD, NondependentPartialD, TotalD, CovariantD, AbsoluteD.

Examples

In[1]:= Needs|["TensorCalculus4 Tensorial'"]

Save settings.

In[2]:= oldindices = CompleteBaseIndices;
oldflavors = IndexFlavors;
ClearIndexFlavor /@ oldflavors;
DeclareIndexFlavor[{red, Red}]

Define the tensor shortcuts and derivative labels.

In[6] := DefineTensorShortcuts[{{x, T}, 1}, {{S, T, 6}, 2}]
labs = {x, 6, g, T'};

Without information as to the coordinate, a partial derivative simply shows a comma before the differentiated indices.
PartialD is inert when the first argument is a tensor.
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In[8]:= Td[i]
PartialD[$%, j]
% // FullForm

Oout[8]= T;
Oout [9]= Ti,j

Out [10]//FullForm=
PartialD[Tensor [T, List[Void], List[i]], J]

Higher order partial derivatives are supported.

In[11]:= Tu[i]
PartialD[%, {ml n, P}]

out[11]= Tt

_ i
out(12]= T .o

The partial derivative of a symbol is zero.

In[13]:= PartialD[a, i]

out[13]= 0

PartialD obeys the linear and Liebnizian rules of differentiation.

In[14]:= axul[i] +b Tuli]
PartialD[$%, j]

out[14]= b T'+axt

out[15]= bTi,j +axi'j

For flavored expressions the intended flavor must also be on the indices.

In[l16]:= axu[i] Tu[j] // ToFlavor[red]
PartialD[%, red@k]

out[16]= a Tl x*

out[17]= a (X;,k T + T:,k x‘*)

In the extended form of PartialD, using the derivative labels, the coordinate position itself, rather than just the index
must be given. The expression is stored internally with an PartialD[labs] header, but is formatted as a partial

derivative.
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In[18]:= Td[i]
PartialD[labs] [%, xu[]j]]
% // FullForm

out[18]= T;

OT;
Out[19]= -
ox7

Out [20]//FullForm=
PartialD[List[x, \[Delta], g, \[CapitalGammal]] [
Tensor [T, List[Void], List[i]], Tensor[x, List[j], List[Void]]]

Derivatives of the coordinate give the Kronecker delta.

In[21]:= =xu[i]
PartialD[labs] [%, xu[j]]

out[21]= x*
out[22]= &'

To obtain a Kronecker the flavor of the indices must match.

In[23]:= =xu[i]
PartialD[labs] [%, xu[red@3j]]

out[23]= xt

oxt
j

Oout [24]=
ox

Partial derivatives may also be taken with respect to symbolic variables.

In[25]:= Tul[i]
PartialD[labs] [%, V]

out[25]= Tt

oT!
ov

Out[26]=

Partial derivatives may also be taken with respect to a mixture of coordinate positions and variables.

In[27]:= Tul[i]
PartialD[labs] [%, {xu[]j], xu[k], v}]

out[27]= T

@3 Ti
Qut[28]= ——WM—
Ox) oxk dv
Derivatives may be taken sequentially.

In[29] := FoldList[PartialD[labs], Sud[m, n] // ToFlavor[red],
{xu[i], xu[]j], xul[k]} // ToFlavor[red]]

as™, 828", a3s™ }

out [29]= {S",, o, —, —
ox* Ox’ ox* Ox* 9%’ axt
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Here we calculate the transformation matrix between Cartesian (red) and polar (plain) coordinate positions in the plane.

In[30] := DeclareBaseIndices[{1l, 2}]
SetTensorValueRules[xu[i], {r, ¢}]
SetTensorValueRules[xu[red@i], {rCos[¢], rSin[¢]}]

In[33]:= xu[red@i]

PartialD[labs] [%, xu[]j]]
% // EinsteinArray[] // MatrixForm
% /. TensorValueRules[x] // MatrixForm

% /. {Cos[d)] ->x/'\/x2+y2, Sin[¢] ->y/'\/x2+y2, r-»'\/x2+y2}//MatrixForm

out[33]= x*

Oxt

ox

Out[34]=

out [35]//MatrixForm=

Ox* Ox™
ox*t 0x?
ox” ox”
oxt ox?

out [36]//MatrixForm=
Cos[¢p] -rSin[¢]
(Sin[cb] r Cos[¢] )

Out [37]//MatrixForm=

. S, —
{ o Y
Y

Vx2+y?

X

Restore settings.

In[38] := ClearTensorShortcuts[{{x, T}, 1}, {{S, T, 6}, 2}]

In[39] := DeclareBaseIndices@@ oldindices
ClearIndexFlavor /@ IndexFlavors;
DeclareIndexFlavor[oldflavors];

Clear[oldindices, oldflavors, labs]
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PartialKroneckerExpand
m PartialKroneckerExpand[d, order, suborder, expandup : True] [expr] will expand tensors with label

0, assumed to be generalized Kroneckers, and with order up and down indices, in terms of ds with suborder
and (order-suborder) indices.

The expansion is done on the first suborder up indices, unless the optional 4th argument is set to False, in which case the first
suborder down indices are used.

In Tensorial all Kronecker symbols must have one Void in each slot just like all other indexed objects. Many texts use indices in
both the up and down positions, taking advantage of the fact that Kroneckers must be even order with equal number of up and
down indices.

Labels other that ¢ can be used to represent the Kronecker.

See also: FullKroneckerExpand, KroneckerContract, KroneckerAbsorb, KroneckerEvaluate.

Examples

In[1]:= Needs["TensorCalculus4 Tensorial'"]
To avoid defining all 28combinations of up/down indices...

In[2]:= éuuuudddd[i_, j_, k_,1_, r ,s_, t_,u] :=
Tensor[S6, {i, j, k, 1, Void, Void, Void, Void}, {Void, Void, Void, Void, r, s, t, u}]
kxuuuudddd[i_, j_, k_, 1 _, r ,s_, t_, u] :=
Tensor[x, {i, j, k, 1, Void, Void, Void, Void}, {Void, Void, Void, Void, r, s, t, u}]

Here we do expansions of different suborders and, as a check, test them against the full expansion of the initial 6. The
second line gives the partial expansion. The third line checks if the full expansion of the partial expansion is equal to the
full expansion of the initial generalized Kronecker. Here the partial expansion is in terms of first order Kroneckers.

In[4]:= gkl = duuuudddd[i, j, k, 1, r, s, t, u]
lhs = gkl // FullKroneckerExpand[d];
gkl // PartialKroneckerExpand[§, 4, 1]
rhs = % // FullKroneckerExpand[§];
lhs == rhs // ExpandAll

out[4]= & IKT

rstu

i jk 1 i jk 1 i jk 1 i jk 1
Out [6]= _61\16] rst‘*’éltéj rsu_élséj rtu‘*’élréj stu
out [8]= True

Here we expand in terms of second order Kroneckers.
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In[9]:= gkl = duuuudddd[i, j, k, 1, r, s, t, u]
lhs = gkl // FullKroneckerExpand[d];
gkl // PartialKroneckerExpand[§, 4, 2]
rhs = % // FullKroneckerExpand[§];
lhs == rhs // ExpandAll
out[9j= &K .
Out[11]= 6ijtu6klrs _6ijsu6klrt +6ijst 6klru +6ijru6klst _6ijrt 6klsu +6ijrs 6kltu
Out[13]= True
Here we expand in terms of 3rd order Kroneckers.
In[14]:= gkl = duuuudddd[i, j, k, 1, r, s, t, u]
lhs = gkl // FullKroneckerExpand[d];
gkl // PartialKroneckerExpand[§, 4, 3]
rhs = % // FullKroneckerExpand[§];
lhs == rhs // ExpandAll
out[14]= & 3L
Out[l6]= 61\1 6ijkrst _61(: 6ijkrsu +6ls 6ijkrtu _611’ 6ijkstu
Oout[18]= True

The following first does a 3rd order expansion of the 4th order Kronecker. It then does a 2nd order expansion of the
resulting 3rd order Kroneckers. It then does a Ist order expansion of the resulting 2nd order Kroneckers. We then
check that this is equal to full expansion of the initial Kronecker.

In[19]:= gkl = éuuuudddd[i, j, k, 1, r, s, t, u]
lhs = gkl // FullKroneckerExpand[d];
gkl // PartialKroneckerExpand[§, 4, 3]
% // PartialKroneckerExpand[§, 3, 2]
rhs = % // PartialKroneckerExpand[§, 2, 1]
lhs == rhs // ExpandAll
out[19]= &3,
OUt[21]: 6lu6ijkrst_61(:6ijkrsu+6ls6ijkrtu_6lr6ijkstu
out[22]= &b, (6 &7, -8 6T, +65, 87 ) -6t (65,67, -8, 6, 68,87, ,)+
615 (6ku6ijrt_6kt61jru+6kr6ijtu)_6lr <6k 6ljst_6ktéljsu+6k 6ijtu)
out(23]= - ((-6*, 87 +6t 67,) - (-6, 87 +6t, 87, 8+ (-6t 8T vot 67 ) 85,) &, +
((-6* .67 +65 . 8,) &, - (-65,67,+65,67,) 6+ (-6° &6, +6°,6.)8,) &,
((-6*, 67 +65,87,) 8, - (-67,67,+65,67,) 8+ (-6",8,+6", 6 ,)6,) & +
((-6*c o7 465,67 ) 6", (-5 6, +6°, 8, ) 6+ (-6°,6",+6%,86,) )6,
Oout [24]= True

The following does an expansion on the down indices.
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In[25]:= gkl = duuuudddd[i, j, k, 1, r, s, t, u]
lhs = gkl // FullKroneckerExpand[d];
gkl // PartialKroneckerExpand[6, 4, 1, False]
rhs = % // FullKroneckerExpand[§];
lhs == rhs // ExpandAll

out[25]= o&*3k?

rstu

1 ijk kK sijl j ikl i jk 1
out[27]= =6 rélj stu+6 rélj stu_éjrél stu'*'élréj stu

Oout[29]= True

The following is a multistep expansion on the down indices.

In[30]:= gkl = duuuudddd[i, j, k, 1, r, s, t, u]
lhs = gkl // FullKroneckerExpand[d];
gkl // PartialKroneckerExpand[§, 4, 3, False]
% // PartialKroneckerExpand[é, 3, 2, False]
rhs = % // PartialKroneckerExpand[é, 2, 1, False]
lhs == rhs // ExpandAll

out[30]= o&*3k?

rstu

i 5k 51 j i i ik 1
Out [32]= 61\161] rst_ékuélj J:st"'63\,1611(11:5‘5_61\,16j rst

S8 ot vt 6 ) -, (60 6T -8 et et )
_6kt6ilrs+6it6klrs) _6iu <6lt6jkrs_6kt6jlrs+6jt6klrs)

rs

(6lt6ik

rs rs

out[33]= &%, (6" &7
6j

u rs

out([34]= -6, (-67, (-6, 6, + 8T, 80 ) vt (67, 6, 487, 8 )+ (-6t 87, v, 87 ,) 6t
&1, (85 (=61 8N, #8861 (-85, 60, 465, 8N ) 4 (61,85, + 65, 85,
&ty (6" (87 0 87, 8 ) v (~65, 6, 8", 8y + (67,65, 467, 8",
(67, (-6t 65, + 64, 65, ) v, (-89, 65, +8), 6", )+ (-67, 67, +6,60,) &) &

S r

S

S

Out [35]= True

In the following we alternately expand on the down and up indices.
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gkl = dSuuuudddd[i, j, k, 1, r, s, t, u]

lhs = gkl // FullKroneckerExpand[d];

gkl // PartialKroneckerExpand[é, 4, 3, False]

% // PartialKroneckerExpand[§, 3, 2, True]

rhs = % // PartialKroneckerExpand[§, 2, 1, False]
lhs == rhs // ExpandAll

ijk1l

6 rstu

1 ijk k ijl J ikl i jk1l

5115 rst75u5 rst+5u5 rst75u5 rst

1 k ij k ij k ij k 1 ij 1 ij 1 i5
6u<6t6 rs_ésé rt+6r6 st>_6u(6t6 rs_ésé rt+6r6 St>+

5ju (511:5ikrsfélséikrt+5lr5ikst) 75i (51t5jkrsfélséjkrt JrcSlréjkst)

u

—8, (-6t 8+t 6 ) S - (6t 8, 8,80, ) S+ (6T, 80, +65 .6 S) &)+
67, (-85, 65+ 67,85 ) 61, — (=6' 8, +6%, 85) &' 5+ (-6", 05, + 65, 65,) &'¢) -
&ty ((-67 8 ol 60 ) 6t - (-87, 85, +67, 65 ) &t + (—6356kr+6j ko) &)
((-6* .87, +65 .87 ) &, - (-65. 6, +65, 8, ) &, + (-6°,67,+65,6 ) 8,) &,

True

Labels other than ¢ can be used to represent the generalized Kronecker.

gkl = xuuuudddd[i, j, k, 1, r, s, t, u]

lhs = gkl // FullKroneckerExpand[k];

gkl // PartialKroneckerExpand[kx, 4, 3, False]

% // PartialKroneckerExpand[x, 3, 2, True]

rhs = % // PartialKroneckerExpand[kx, 2, 1, False]

lhs == rhs // ExpandAll

Kijklrstu

KluKljkrst_KkuKljl t+Kj Klklrst_Kiquklrst

Ky (KktKljrs KksKljrt+Kerljst> - x5y, (KltKljrs KlsKljrt+KHKijst> +
Kju (Kl Klkrs KlsK.krt"'KHKlkst)_Ku<KltKjkrs KlsKjkrt+KHKjkst)

-xk, ((—Klt}(js+}<is}<jt) K, - <—Klt}<jr+}<ir}<jt> Ko+ (—KlsKjr+KirKjS> Klt) +
Kju ((7Kit}<ks JrKiszt) Klr7 <7Klt}<kr +Klr}<kt) Kls + <7Kiszr+KirKks) Klt) -
Kty ((—KjtK S+}<js}<kt) K, - (—Kjthr+Kerkt) Kb+ (—stxkr+}<jr}<ks> Klt> +
((-xtex? g+ it Kjt) K- (-t K3, 4kt Kjt> Koo+ (—KiskerrKirst) k) K,

Sduuuudddd[i_, j_, k_,1_, r ,s_,t_, u_]-=
kuuuudddd[i_, j_, k_, 1 , r_,s_, t_,u ]=
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PartialSum

m PartialSum[baseindex, newindices] [expr] will expand the dummy indices of a tensor expression into
components that have one or more baseindex indices and an unexpanded remainder. Symbolic indices are
replaced with newindices.

The newindices list of symbols is used to replace the existing dummy index symbols. Greek indices might be replaced with Latin
indices to indicate a restricted further expansion. But it is up to the user to actually used a restriced expansion when further
expansions are perform.

It is also possible to use different flavor indices for the unexpanded portion, and then assign a restricted set of base indices to the
flavor.

Any flavor must be on the newindices and the baseindex.
PartialSum is mapped over arrays, equations and sums.

See also: PartialArray, EinsteinSum, EinsteinArray, SumExpansion.

Examples

In[1]:= Needs|["TensorCalculus4 Tensorial'"]
Save the settings and declare base indices and flavors.

In[2]:

oldindices = CompleteBaseIndices;

oldflavors = IndexFlavors;

ClearIndexFlavor /@ oldflavors;
DeclareBaseIndices[{0, 1, 2, 3}]
DeclareIndexFlavor[{red, Red}, {blue, Blue}];

In[7]:= DefineTensorShortcuts[{{dx, A}, 1}, {{g, T}, 2}]

The following expands a contracted tensor on the 0 index.

In[8]:= Tud[u, u]
% // PartialSum[O0, {i}]

out[8]= TV
out[9]= TO, + T,
The flavor must be on both the base index and the new index.

In[10]:= Tud[u, u] // ToFlavor|[red]
% // PartialSum[red@0, {red@i}]

]

out[10]j= T,

out[11]= T%, + T,

The following first does an array expansion of a tensor expression on the 0 index, then does a sum expansion on the 0
index and then does a complete expansion.
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In[12]:= Tuu[u, v] Ad[v] // ToFlavor[red]
% // PartialArray[red@0, {red@i}]
% // PartialSum[red@0, {red@j}]
EinsteinArray[{1l, 2, 3}] /@EinsteinSum[{1l, 2, 3}] /@ %

out[12]= THY A,
out[13]= {T°V X, T*V A}

out [14]= {TOD)LG+TOJ)Lj, THO X, +TH9 A }

out [157= {TO0 2, +TOM X, +T02 2, +T0° 2y, (T O, +T 4 +T 2 0, +TH7 Ay,
T2 X + T2 +T22 L, + T2 A5, T2O 0, + T3 4, + T2 L, + 23 5 ))

The following expands the metric line element into temporal and spatial parts.

In[16]:= gdd[u, v] dxu[u] dxu[v]
% // Partialsum[0, {i, j}]

out[16]= dx* dx" v
Out[17]= (dxo)2 9o o + dx’ dx? o5 + dx® dx* g, + dx* dx? 95 5
The new indices must be sufficient to replace the old dummy indices after removing any conflicts with free indices.

In[18]:= gdd[u, v] Tuul[i, u] Aulv] // ToFlavor[red]
% // PartialSum[red@0, red /@ {i, j}]

out[18]= g,, T "X’

PartialSum: :newindices : New indices {j}, after

removing freeindices {i}, are insufficient to replace {u, v}

out [19]= S$SAborted

The routine works with multiple base index sets.
In[20] := DeclareBaselndices[{t, x, y, 2z}, {red, {t, p, 6, ¢}}, {blue, {p, 6, ¢}}]

In[21]:= Tud[u, ul
% // PartialSum[t, {i}]
MapAt [EinsteinSum[{x, y, z}], %, 1]

out[21]= TV

out[22]= T, +T%,

i

z

out[23]= T'_ +T* +TY +T*

In[24]:= Tud[u, u] // ToFlavor|[red]
% // PartialSum[red@t, {red@i}]
MapAt [EinsteinSum[{p, 6, ¢}], %, 1]

]

out[24]= T*,

out[25]= T, + T,

=)

out[26]= T, +T9,+T°, +T%,
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In the DeclareBaseIndices statement above, we have associated the blue flavor with the restricted set of spatial
indices. By replacing the red u with a blue 4 we can do a simple EinsteinSum to complete the expansion.

In[27]:= Tud[u, u] // ToFlavor|[red]
% // PartialSum[red@t, {blue@u}]
% // EinsteinSum][]

]

out[27]= T*,

t
out[28]= TH +T",

out[29]= TOu+ TP, + T, + TF,

Only indices of the baseindex flavor are broken out.

In[30]:= Tuu[red@u, v] Ad[red@u] dxd[v]
% // PartialSum[red@t, {red@i}]

out[30]= dx, TV A,
out[31]= dx, T Y A, +dx, TV A,

In[32]:= Tuu[red@u, v] Ad[red@u] dxd[v]
% // PartialSum[t, {i}]

out[32]= dx, T"Y A,

out[33]= dx; T'' A, +dx, T'" A,

Restore the initial values...

In[34]:= ClearTensorShortcuts[{{dx, A}, 1}, {{g, T}, 2}]

In[35]:= DeclareBaseIndices@@ oldindices
ClearIndexFlavor /@ IndexFlavors;
DeclareIndexFlavor /@ oldflavors;
Clear[oldindices, oldflavors]
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PatternReplaceIndex

m PatternReplacelIndex [newindexlist, pattern, checkdummies : True] [expr] will replace dummy indices
in simple terms if the terms match the pattern with named pattern indices.

The object is to change all matching expressions to ones with the same dummy indices.
If the head of an expression is Plus, the routine is mapped onto the terms.

A simple term is a Tensor or a weighted product of tensors.

The index flavors of a matching term must match the flavors of the new indices.

With the default value of checkdummies, the routine aborts if the pattern indices are not dummy indices in the matching
expression. This can be overridden by setting the third optional argument to False. This can produce incorrect results if not done
with care but can be useful in writing simpler patterns.

IndexChange can be used to perform specific reindexing under the user's control. SimplifyTensorSum, sometimes used with
MapLevelParts is another way to simplify expressions.

The simplification routines are not high powered. They do not take into account symmetries. See SymmetrizeSlots to apply
some symmetries.

See also: UpDownSwap, IndexChange, SymmetrizeSlots, NondependentPartialD, SimplifyTensorSum,
MapLevelParts.

Examples

In[1]:= Needs["TensorCalculus4 Tensorial "]
Save old settings and declare an index flavor.

In[2]:= oldflavors = IndexFlavors;
ClearIndexFlavor /@ oldflavors;
DeclareIndexFlavor[{red, Red}]

In[5]:= DefineTensorShortcuts[{{A, G, b}, 1}, {{A, B, S}, 2}, {{a, F}, 3}, {F, 4}]
The following expression is simplified by converting all terms to the same set of dummy indices.

In[6]:= aFdduul[i, j, i, j] + bFdduul[j, p, j, p] + cFdduu[m, r, m, r]
% // PatternReplaceIndex[{u, v}, Fdduu[m_, n_, m_, n_]]
% // Factor

out[6]= aF;; ) +bFy 1P +cF, "*

out[7]= aF, "V +bF

uv uv
uv uv +cFW

out[8]= (a+b+c)F, HY

"%

SimplifyTensorSum will also perform the simplification but with no direct control over the choice of dummy index.
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In[9]:= aFdduul[i, j, i, j] +bFdduu[]j, p, j, P] +cFdduu[m, r, m, r]
% // SimplifyTensorSum // Factor
out[9]= aF,;; ) +bF, IP+cF, "%

Out[10]= (a+b+c) Fijij

SimplifyTensorSum doesn't simplify the following expression because it replaces dummy indices in order of the
factors and gets different results for the two terms.

Tn[11]:- aBuu[i, j] Gd[i] +bBuu[k, j] Gd[k] Aud[a, a]
% // SimplifyTensorSum // Factor

- .

out[11]= aB 7 G, +bA%, B 7 G,
- s

out[12]= aB 7 G; +bA', B*? G,

With PatternReplaceIndex we can pick out the relevant factors in the two terms and the simplification is
performed.

In[13]:= aBuul[i, j] Gd[i] +bBuulk, j] Gd[k] Aud[a, a]
% // PatternReplaceIndex[{u}, Buu[i_, j] Gd[i_]] // Factor

out[13]= aB'I G, +bAa*, B*I g,

out[14]= (a+ba%,) B*I G,

The routine does not replace tensor labels or symbols elsewhere.

In[15]:= aAuul[A, j] GA[A] + AAuulk, j] Gd[k]
% // PatternReplaceIndex[{u}, Auu[i_, j] Gd[i_]] // Factor

out[15]= aA”IG, +Aan*I g,
out[16]= (a+A) A"’ G,
The following does not work because the routine cannot check if the indices in the pattern are dummies.

In[17]:= (addd[r, s, t] + addd[s, r, t] +addd[s, t, r]) bu[r] bu[s] bu[t] // ToFlavor[red]
Expand[%] // PatternReplaceIndex[{u, v, o}, addd[r_, s_, t_]1]
Out [17]= (arst+asrt+astr) brbSbT

PatternReplacelIndex::dummies : Some pattern indices in a, ¢ + are not dummies.

out [18]= $Aborted

But by setting the optional argument, checkdummies, to False we can suppress the dummy checking.

In[19]:= (addd[r, s, t] + addd[s, r, t] +addd[s, t, r]) bu[r] bu[s] bu[t] // ToFlavor[red]
% // PatternReplaceIndex[red /@ {u, v, o}, addd[a_, b_, c_], False]

out[19]= (@,.: +a@syr +as:,) " b° b

out[20]= 3a,,,b'b" b’

The order of index replacement is affected by the sort order of the named indices in the pattern. The named indices are
sorted and then matched with the new index list.
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In[21]:= (addd[r, s, t] +addd[s, r, t] +addd[s, t, r]) bu[r] bu[s] bu[t] // ToFlavor[red]
% // PatternReplaceIndex[red /@ {u, v, o}, addd[c_, b_, a_], False]

Out[21]= (a t+asl’t+astr) b’ bS bt

rs

out[22]= 3a,,,b" b’ b’
If the flavors are not the same there is no match.

In[23]:= (addd[r, s, t] +addd[s, r, t] +addd[s, t, r]) (bu[r] bu[s] bu[t])
% // PatternReplaceIndex[red /@ {u, v, o}, addd[t_, s_, r_], False]

out[23]= (@pst +@syr +asr,) D b b°

Out[24]= <arst+asrt+astr)brbsbt

Non-pattern indices are only replaced if they have the correct flavor. So the following would be incorrect and illustrates
the danger of not checking dummy indices.

In[25]:= (addd[r, s, t] +addd[s, r, t] +addd[s, t, r] // ToFlavor[red]) (bu[r] bu[s] bu[t])
% // PatternReplaceIndex[red /@ {u, v, o}, addd[t_, s_, r_], False]

Oout[25]= (@, +@4,¢ +as:,) b" b bt
out[26]= 3a,,,b" b*b"

In[27]:= aAuu[i, j] CovariantD[Gd[i], v] + bAuulk, j] CovariantD[Gd[k], V]
% // PatternReplacelIndex[{u}, Auu[i_, j] CovariantD[Gd[i_], v]] // Factor

out[27]= aG;,, A'7 +b G, A*I

i;v

out[28]= (a+b) G, A"

%
The following does not work because the generated pattern is not a simple term.

In[29]:= aAuu[i, j] CovariantD[Gd[i], v] + bAuulk, j] CovariantD[Gd[k], V]
% // ExpandCovariantD[{x, 6, g, T'}, a]
% // PatternReplaceIndex[{u},
Auu[i_, j] (CovariantD[Gd[i_], v] // ExpandCovariantD[{x, &, g, I'}, a]), False]

out[29]= aG;,, A7 +bG,,, A"’

i;v

. AG. K = 0 Gy
out[30]= aA" 7l |-G, T?,; + @xi) +bA*) -G, T, + 5
RawIndex::notindex : i_ is not a Symbol, Integer or Flavor.

ExpandCovariantD: :nottensor :
A covariant derivative , Gi—-v’ cannot be expanded because

Tensorial cannot assess the tensor nature of the expression.

out [31]= $Aborted

It could be simplified with SimplifyTensor Sum.
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In[32]:= aAuu[i, j] CovariantD[Gd[i], v] +bAuu[k, j] CovariantD[Gd[k], V]
% // ExpandCovariantD[{x, 6, g, T'}, a]
% // SimplifyTensorSum // Simplify
MapAt [Minus, %, {{1}, {4}}]

out[32]= aG;,, A"’ +bG,, A"’

= 0G; kj oG
out[33]= aA’’ (—Ga e, + @XiJ +ba*] (7(;8 T2, + @X};
P 5 0 G;
out[34]= - (a+b) A"’ (Gal"avi— @xi)
i 5 9G;
out[35]= (a+b) A"’ (—Gal"avi+ @xiJ

Restore old settings...

In[36] := ClearTensorShortcuts[{{A, G, b}, 1}, {{A, B, S}, 2}, {{a, F}, 3}, {F, 4}]

ClearIndexFlavor /@ IndexFlavors;
DeclareIndexFlavor /@ oldflavors;
Clear[oldflavors]

In[37]:
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PermutationPseudotensor

m PermutationPseudotensor [n] will generate the array of values that correspond to the completely
antisymmetric n-dimensional tensor.

The Levi-Civita tensor may be constructed using the PermutationPseudotensor

See also: FullKroneckerExpand, PartialKroneckerExpand, ContractKronecker.

Examples

In[1]:= Needs|["TensorCalculus4 Tensorial'"]
Here is the 3-dimensional permutation tensor.

In[2]:= PermutationPseudotensor[3] // MatrixForm

out [2]//MatrixForm=

0 0 0
0 0 -1
0 1 0
0 0 1
0 0 0
-1 0 0
-1 0
0 0
0 0 0

Here is the 4-dimensional permutation tensor.

In[3]:= PermutationPseudotensor[4] // MatrixForm

Out [3]//MatrixForm=

0 0 0 O 0 0 O 0 0 0 0 O 0 O 0 0
0 0 0 O 0 0 O 0 0 0 0 -1 0 0 1 0
0 0 0 O 0 0 O 1 0 0 0 O 0 -1 0 0
0 0 0 O 0 0 -1 0 0 1 0 O 0 O 0 O
0 0 0 O 0 0 0 O 0 0 0 1 0 0 -1 0
0 0 0 O 0 0 0 O 0 0 0 O 0 0 O 0
0 0 0 -1 0 0 0 O 0 0 0 0 1 0 O 0
0 0 1 O 0 0 0 O -1 0 0 O 0 0 O 0
0 O 0 O 0 0 0 -1 0 0 0 O 0 1 0 0
0 O 0 1 0 0 0 O 0 0 0 O -1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 O 0 0 0 O
0 -1 0 0 1 0 0 O 0 0 0 O 0 0 0 O
0 0 0 0 0 0 1 0 0 -1 0 O 0 0 0 O

0 0 -1 0 0 0 0 0 1 O 0 O 0 0 0 O

0 1 0 0 -1 0 0 O 0 O 0 O 0 0 0 0

0 0 0 0 0 0 0 O 0 0 0 0 0 0 0 O
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PermutationSymbolRule

m PermutationSymbolRule[€] creates a set of rules that will substitute values for a permutation
pseudotensor symbol with label €.

For substitution the indices must be all up or all down, must be base indices and must all be in the same flavor.
A symbol with the indices in the declared order of BaseIndices will have a value of 1.
An alternative is to set the values to the PermutationPseudotensor.

See also: FullKroneckerExpand, PartialKroneckerExpand, PermutationPseudotensor.

Examples

In[1]:= Needs|["TensorCalculus4 Tensorial'"]
Save settings.

In[2]:

oldflavors = IndexFlavors;
oldindices = CompleteBaseIndices;

In[4]:= DeclareBaseIndices[{1l, 2, 3}]
DeclareIndexFlavor[{red, Red}]
DefineTensorShortcuts[e, 3]

In[7]:= eddd[2, 1, 3]
% /. PermutationSymbolRule[€]

out[7]= €515

out[8]= -1
The following shows results for various cases. Notice the cases that don't substitute.

In[9]:= MapThread[{#, # /. PermutationSymbolRule[e]} &,
{{eddd[a, ¢, b], euuu[a, b, c¢] // ToFlavor[red],
eddd[2, 3, 1], eddd[2, 3, 1] // ToFlavor[red], eddd[red@2, 3, 1],
eddd[1, 3, 2], eddd[1, 2, 2], edud[1l, 3, 2]}}] // TableForm

out [9]//TableForm=

€ €

ach ach
€abc €abc
€231 1
€231 1
€231 €231
€132 -1
€122 0
€7, €7,

An expansion of the array is the same as the PermutationPseudotensor.
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In[10]:= eddd[i, j, k]

% // ToArrayValues|[] // MatrixForm
% /. PermutationSymbolRule[e] // MatrixForm
% == PermutationPseudotensor([3]

Out[10]= €; 5y

Out[11]//MatrixForm=

€111 €121
€112 €122
€113 €123
€211 €221
€212 €222
€213 €223
€311 €321
€312 €322
€313 €323

out[12]//MatrixForm=

0 0 0
0 0 -1
0 1 0
0 0 1
0 0 0
-1 0 0
0 -1 0
1 0
0 0 0

Out [13]= True

€131
€132
€133
€231
€232
€233
€331
€332

€333

Here is a case of base indices {q, p, r} thatare not in the natural sort order.

In[14]:= DeclareBaselndices[{q, p, r}]
MapThread[{#, # /. PermutationSymbolRule[e]} &,
{{eddd[a, ¢, b], euuu[a, b, c¢] // ToFlavor[red],
eddd[q, p, r], eddd[p, r, q] // ToFlavor[red], eddd[red@p, r, q],
eddd[p, q, r], eddd[p, r, r], edud[p, q, r]}}] // TableForm

Out [15]//TableForm=

€ €

ach ach
€abc €abc
€qpr 1
€prq 1
Eprq Eprq
€pqr -1
€prr 0
€pqr €pqr

It is still equal to the pseudotensor.
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In[16]:= eddd[i, j, k]
% // ToArrayValues|[] // MatrixForm
% /. PermutationSymbolRule[e] // MatrixForm
% == PermutationPseudotensor([3]
DeclareBaseIndices[{1l, 2, 3}]

Out[l6]= €

ijk

out[17]//MatrixForm=

€aqq €apq €qrq
Caqp €qpp Cqrp
€qqr €apr €qrr
Cpaq €ppq €prq
€pap €ppp Cprp
€pqr €ppr Cprr
€raq €rpq €rrq
Crqp €rpp €rrp
€rqr el’Pr €rrr

Out [18]//MatrixForm=

0 0 0
0 0 -1

0 1 0

0 0 1

0 0 0

-1 0 0

-1 0

0

0 0 0

Out[19]= True
The rule automatically selects the set of base indices that is associated with the flavor of the indices.

In[21]:= DeclareBaselIndices[{x, y, z}, {red, {p, 6, ¢}}]

In[22]:= MapThread[{#, # /. PermutationSymbolRule[e]} &,
{{eddd[a, ¢, b], euuu[a, b, c] // ToFlavor[red],
eddd[x, y, z], eddd[O, ¢, p] // ToFlavor[red], eddd[red@d, z, x],
eddd[x, z, y], eddd[x, y, y], €dud[1, 3, 2]}}] // TableForm

out [22]//TableForm=

€ €

ach ach
€abc €abc
€xyz 1
Co¢p 1
€ezx 692}{
€xzy -1
€xyy 0
€1, €1,

Restore settings.
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In[23] := DeclareBaseIndices@@ oldindices
DeclareIndexFlavor[oldflavors];
ClearTensorShortcuts[e, 3]
Clear[oldflavors, oldindices]
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PermuteTensorSlots

m PermuteTensorSlots[label, permutation] [expr] will permute all tensors with the specified label and
order according to the permutation. The order (number of slots) is determined by the length of the permutation.

m PermuteTensorSlots[label] [expr] will put all the up slots first and down slots last without reordering
within the ups and downs.

Permuting slots is not always correct and so this command must be used with care.
The permutation list must be a permutation of Range [Length [permutation]].

See also: TensorSymmetry, IndexChange.

Examples

In[1]:= Needs["TensorCalculus4 Tensorial'"]
In[2]:= DefineTensorShortcuts[{T, 2}, {T, 4}]
The following permutes the slots of all 4th order tensors T.

In[3]:= {Tdddd[a, b, ¢, d], Tdddd[d, b, ¢, a], Tuddd[d, b, ¢, a]}
% // PermuteTensorSlots[T, {4, 2, 3, 1}]

Out[3]= {Tabch Tapcar Tdbca}
Out[4]= {Tdbca' Tabcd' Tabcd}
The permutation list must be a permutation of Range [Length [permutation]].

In[5]:

Tdd[a, b]

% // PermuteTensorSlots[T, {2, 1}]
% // PermuteTensorSlots[T, {2, 1}]
% // PermuteTensorSlots[T, {2, 2}]
% // PermuteTensorSlots[T, {2, x}]
% // PermuteTensorSlots[T, {3, 1}]

out[5]= T,,
out[6]= Ty,
out[7]= T,p

PermuteTensorSlots: :permutation : Permutation {2, 2} is invalid.
out[8]= T,

PermuteTensorSlots: :permutation : Permutation {2, x} is invalid.
out[9]= T.,

PermuteTensorSlots: :permutation : Permutation {3, 1} is invalid.

out[10]= T,y
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The following statements move all the up slots to the first positions.

In[11]:

Out[11]

Out[12]

In[13]:

Out [13]

Out[14]

In[15]:

Tdduu[b, a, d, c]
% // PermuteTensorSlots[T]

dc
T ba

Tudud[b, a, d, c]
% // PermuteTensorSlots[T]

b d
Tac

bd
T ac

ClearTensorShortcuts[{T, 2}, {T, 4}]
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PushOnto

m PushOnto [arglist, ontolist] [expr] is a form of the Through command that pushes arguments only onto
forms given in the ontolist.

m PushOnto [ontolist] [ (head)[args]] pushes args onto forms given in the onto list.

PushOnto is used by the EvaluateSlots routine but is made available to the Tensorial user.

See also: EvaluateSlots, LinearBreakout, CircleEvalRule.

Examples

In[1]:= Needs|["TensorCalculus4 Tensorial'"]

Here is a linear expression of dyads to be evaluated on the vector s. We can use PushOnto to push the arguments onto
each direct product. CircleEvalRule does the final evaluation.

In[2]:= (alu®v+a2u®w+a3vew)[, s]
% // PushOnto[{CircleTimes[__]}]
% /. CircleEvalRule

out[2]= (alu®v+a2u®w+al3vew)[Null, s]
Out[3]= al (u®v) [Null, s] +a2 (u®w) [Null, s] +a3 (v®w) [Null, s]

out[4]= aluv.s+a2uw.s+a3vw.s
The following pushes the arguments onto a sum of three functions.

In[5]:= (£+g+h)[x, y, z]
% // PushOnto[{£f, g, h}]

out[5]= (f£+g+h)[x, vy, z]

out[6]= f[x, vy, z] +9[x, v, z] +h[x, v, z]
The following pushes the arguments only onto the functional part of an operator.

n[7]:= (1+3xy?+h)[x, vy, z]
%$ // PushOnto[{x, y, z}, {h}]

out[7]= (l+h+3xy?) [x, v, 2]

out[8]= 1+3xy?+h(x, v, z]

The following pushes onto a function and derivatives of the function and then evaluates for a specific function.
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In[9]:= Ah+Plus@@Table[ (Derivative@@ (2 Part[IdentityMatrix[3], i])) [h], {i, 3}]

$[x, vy, z]
% // PushOnto[ {h, Derivative[_, _, _]1[h]}]
% /. h-> Function[{x, y, 2z}, Sin[x] Cos[y] Exp[-z]] // Simplify

out [9]= hA+h(00:2) 4 1(0,2,0) | }(20,0)
out[10j= (hA+h(002) L n(0:2.00 L 1(2,0.00y 15 v 7]

out(11]j= Xh([x, y, z] +h@ %2 (%, v, 2] +h(%20 (%, vy, 2] +n? %0 [x, vy, 2]

out[12]= e ? (-1 +A) Cos[y] Sin[x]
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